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Introduction

In this paper we continue previous investigations into the combinatorial properties of
sequences of open covers of topological spacesALand B be collections of subsets of
an infinite sets.

The symbobiin (A, B) denotes the statement that there is for each sequénce: € N)
of elements ofA, a sequencé€T,: n € N) of finite sets such that for each we have
T, C Oy, and{J,, oy Tn € B. In [9] Hurewicz considered this statement for the case when
both.4 andB are the collection of all open covers of a given topological space. Hurewicz
proved that for metric spaces this selectlypothesis is equivalent to a property intro-
duced a year earlier by Menger. Nowadays, when a space satisfies Hurewicz’s selection
hypothesis, it is said to have tienger property

The symboB; (A, B) denotes the statement that there is for each sequénce: € N)
of elements ofA4, a sequencéT,: n € N) such that for eaclh we haveT, € 0,, and
{T,;: n € N} € B. In [16] Rothberger considered this statement for the case whendoth
and? are the collection of all open covers of a given topological space. He showed that this
property implies the strong measure zero property introduced in 1919 by Borel. When a
space satisfies Rothberger’s selection hypothesis, it is said to haRetifigerger property

Several other examples of mathematicalperties defined, or characterized, in terms
of these two selection principles, exist in current literature. Perhaps the best known among
these because of their role in funatispace theory, are Arkhangel’skicountable fan
tightness property, the Fréchet—Urysohn propertytiroperty of Gerlits and Nagy, the
Sakai property, and yet another Gerlits—Nagy property. These terms will be defined later
on in the paper as needed. But also well known are examples of these properties in the
theory of the StoneSech compactification of the set of natural numbers: The so-called
P-points have a characterization in terms ofsgp-type selection principle, while selective
ultrafilters have a characterization in terms ofsartype selection principle.

In the earlier papers in thiSombinatorics of Open Covesgries the selection principles
S1(A, B) andSiin (A, B) have been extensively studied for the case wiHeand B were
for a fixed space& families of open covers with special properties. Recently the following
interesting generalization of thesarks was introduced in [11]: Let spac&sandY be
given with Y a subspace oX. Consider these selection principles whdns a family
of open covers of the superspakeandB is a family of covers ofY by sets open irX.
By hindsight, some earlier results—as in [18], for example—characterized some important
classical properties in terms of this scenario.

In the case when these selection properties are for open covers of one fixedspace
shall call themabsolute selection principletn the other case, where they refer to covers
of a subspac& of some superspace by sets open irX, and selection is from covers of
X, we shall call thenmelative selection principles

Part of the interest in these two selection principles stem from the fact that they seem to
be the key in establishing a connection between the subjects where they arise, with another
area of mathematics which arose independently from a 1930 result of F.P. Ramsey, and
subsequent intensive activity by Erdds and numerous collaborators and contributors to the
area—Ramsey theory. Thus far the main technical tools used to establish this connection
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have been infinite games. In [12] much of these techniques has been given a general
framework for easy applicability.

The paper is organized to have a background section, followed by four parts. In the
Background section we familiarize the readettmthe Ramsey-theotie statements, the
game-theoretic statements and notation of the paper. Then Part | is devoted to the study of
two specific absolute selection principles. We show that a selection principle introduced
in an earlier paper, and which appeared to not b&garor Siin-type selection principle,
is really anSsin-principle. The main innovation needed was to introduce an appropriate
class of open covers for spaces—the so-caledkly groupable®pen covers. This, plus
the results in [12], show that all the selection principles that were considered in [17] and
in [10] are of theS;- or the Ssin-kind. This new information may be useful in solving
Problems 1 or 2 of [10].

In Part Il we characterize the relative Hurewicz property in a manner analogous to
the characterization of the absolute Huremvproperty given in [12]. In Part Il we turn
attention specifically to mea#rable spaces, and characterize the relative Hurewicz property
there in terms of basis theory, and metric measure theory. In Part IV we show that the
relative selection properties are much different from their absolute counterparts by showing
that the Continuum Hypothesis implies the existence of a relative gamma set which does
not have the absolute Menger property, and thus is nosat.

Background
Ramsey theory

For positive integers andk the symbol4 — (B); denotes the statement:

For eachA € A and for each functiorf : [A]" — {1,..., k} there are a seB C A and
aje{l,..., k}suchthatforeach € [B]", f(Y)=j,andB € B.

Here[A]" denotes the set af-element subsets of. We call f a “coloring”, and we say
that “B is homogeneous of colgrfor f”.

This symbol is called therdinary partition symbal It is one of many “partition
symbols” that have been extensively studied. Ramsey theory deals with partition symbols.
F.P. Ramsey proved the first important partition theorem. The ordinary partition symbol
denotes a relation betwees and B, and this relation is called therdinary partition
relation. Several selection principles of the forg1(A4, B) have been characterized by
the ordinary partition relation.

Another partition symbol important for the study of selection principles is motivated by
a study of Baumgartner and Taylor in [3]. For each positive intéget — {B},f denotes
the following statement:

For eachA in A and for each functiorf :[A]2 — {1, ..., k} there is a seB C A and
ajef{l, ... ,k}, and a partitionB = | J, .y B, Of B into pairwise disjoint finite sets
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such that for eacha, b} € [B]? for whicha andb are not from the sams,,, we have
f{a,b})=j,andB € B.

We say that B is nearly homogeneous fgi’. The relation betweemd and53 denoted by

this partition symbol is called tnBaumgartner—Taylor partition relatiarSeveral selection
principles of the formSsin (A, B) have been characterized blye Baumgartner—Taylor
partition relation.

When the pail( A, B) are appropriately related, one can show that if the corresponding
partition relation holds, thethe corresponding selectidtypothesis is true for the pair.
What “appropriately related” means is defined in [12], and this plus the related results will
be cited below.

Infinite games

The symbolG1 (A, B) denotes the game where two players, ONE and TWO, play an
inning per positive integer. In theth inning ONE chooses a s&, € A, and TWO
responds by choosing an elemdnte 0,. TWO wins a play(0O1, T1, ..., On, Ty, ...)
if {T,,: n € N} is a member of3; otherwise, ONE wins. For the remainder of the paper,
for a given topological space&) denotes the collection of all open covers of the space.
Galvin introduced the gam®@1 (O, O) in [5]. In [15] Pawlikowski proved that a space has
propertyS1(O, O) if, and only if, ONE has no winning strategy in the ga@gO, O).

The symbolGin (A, B) denotes the game where ONE and TWO play an inning per
positive integer, and in theth inning ONE chooses a s€é, € A, while TWO responds
with a finite set7, € 0,. TWO wins the play(O1, T1, ..., 05, Ty, ...) if U,en T € B;
otherwise, ONE wins. Though Telgéarsky first explicitly defined a game of this formin [20],
it was already considered in 1925 by Hurewicz when he proved in Theorem 10 of [9] that
a space has properssin (O, O) if, and only if, ONE has no winning strategy in the game
Giin (O, O).

If ONE does not have a winning strategy in the gag.A, B) then the selection
hypothesisS1(A, B) is true; similarly for Gsn(A, B) and Siin(A, B). The converse
implication—the selection hypothesis implies that ONE has no winning strategy in the
corresponding game—is not always true, and ediogly of much greater interest. When
this converse implication is true, the game characterizes the selection principle, and is
a powerful tool to extract additional information abadtand B. If A has appropriate
properties, the game-theoretibaracterization can be used to derive Ramsey-theoretic
statements. Such “appropriate” properties were identified in [12].

Part I: The selection principle Usin (I, £2)

Let X be a space. An open cougrof X is said to be a-cover if it is infinite, and each
element ofX belongs to all but finitely many elementsigf Let I denote the collection
of y-covers ofX. An open covel/ of X is said to be am-cover if X is not a member
of U, but for each finite subsét of X there is &/ € U such thatF C U. Let £2 denote the
collection ofw-covers ofX.
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The symbolUsin (I, £2) denotes the statement: For each sequébige n € N) of y-
covers ofX there is a sequena®’,;: n € N) of finite sets such that for eaehV, c U4, and
either for some: we haveX = JV,, or else{l JV,: n € N} is anw-cover forX. In this
section we shall show, in the spirit of [12], that this statement is equivalent to one of the
form Ssin (A, B), and can be characterized Ramsey-th&oally and gameheoretically.

Recall that an open coveéf of X is large if for eachc € X the set{U e Ud: x e U} is
infinite. The symbolA denotes the collection of large coversXof

Definition 1. An open covet/ of X is weakly groupablé there is a partitiodd = | J,,.x Un
such that eacly, is finite, form # n we haveld,, N U, = @, and for each finite subsédt
of X there is am with F c | JU,.

The symbolO*8P denotes the collection of all weakly groupable open cover¥ of
Similarly the symbolA™s? denotes the collection of all weakly groupable large covers
of X.

Theorem 2. For a spaceX the following are equivalent

(1) X has propertyJsin(I, £2).
(2) X satisfiesSin(I7, A™8P).
(3) For each sequencé/,: n € N) of y-covers ofX there is a sequenoc@’,: n € N) of
pairwise disjoint finite sets such that
(a) for eachn, vV, CU, and
(b) for each finite subsef of X there is amm with F C |J V.
(4) X has propertyssin(I”, A), and each countable large cover ¥fis weakly groupable.
(5) X has propertysin(£2, A), and each countable large coverX¥fis weakly groupable.
(6) ONE has no winning strategy in the ga@gh (I, AV8P).
(7) ONE has no winning strategy in the ga@g (2, AVSP).
(8) X satisfiesSyin(£2, A™EP).
(9) X satisfiesSiin(£2, OWsP).
(10) X satisfiesSiin (I, OW8P).

Proof. The implications (6)= (10), (7)= (8), (8)= (9) and (9)= (10) are easy. The
rest deserve proof or further remarks.

(1)= (2): Let (U,: n € N) be a sequence gf-covers ofX. We may assume that for
m # n we haveld,, "U,, = @. We may also assume for eagtthat no finite subset dff,
coversX.

Applying Usin(I, £2) we find for eachn a finite V,, C U, such that{ JV,: n € N} is
anw-cover ofX. ThusV = (J,.y Vu is a large cover o and the partitionV,: n e N)
witnesses thaY is weakly groupable.

(2)= (3): Let (U,: n € N) be a sequence of-covers ofX. We may assume that each
U, is countable and that if: # n, thenid,,, N U, = @. For eactm enumeraté/, bijectively
as(U;.: m € N). Then for each put

Sy ={Utn---nU keN}\ {4).
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Then eacts, is ay-cover ofX, and by omitting elements where necessary we may assume
that form # n we haveS,, NS, = ¢¥. We also in advance choose for each element of
eachs, a representation as an intersection as in the definition.

Applying Siin (I, A¥8P) to the sequenceésS,: n € N), we choose for each a finite
W, C S, such thatV =,y Wh is in A¥8P, and form # n alsoW,, N W, = . Next,
write

W= JRn
neN
where for eaclw R, is finite, and form #£ n alsoR,, "R, = ¥, and for each finité¢" C X
there is amm with F C | R
Choose1 > 1 minimal such that for alj > i; we haveW; NR; = . Then put

V1= {U}: 3j <i) (U} atermin the chosen
representation of an element®&f;)}.
Then choosé; > iy minimal so that for allj > i we haveV, N'R; = 0. Put
Vo ={UZ (3j <i2)(U? atermin the chosen
representation of an element®&f;) }.

In general, choos& 11 > iy minimal such that for allj > ;1 we haveW, .1 NR; =0
and put

Vir1={UF™ 3j <ix40)(UF™ atermin the chosen
representation of an element&f;)}.

Then for eachk we haveV, C Uy finite, and form # n we haveV,, NV, = . Let
F C X be a finite set. Find an with F C [ JR,. Find the least with n < i,. Then we
havei;_1 <n and soWVL U ---UWi_1) N R, = @. But then each element &,, has in
its representation a term of the fortif . It follows that| R, < [J Vk, and soF < | Vx.

(3) = (4): It is evident thatSsn (1", A¥8P) implies Sisin (I, A). We must show that
Siin(I", A™8P) implies that every countable large cover Xfis in A*$7. To this end let
(U,: n € N) bijectively enumerate a countable large coieof X. We may assume that
no finite subset off coversX.

For eachn define

Then eachy,, is ay-cover of X. We may assume that fat £ n we have),, NV, = @.
Apply 3 to (V,: n € N), and choose for eacha finite setW, c V,, such that fomm # n
we haveW,, N W, = @, and for each finite set C X there is am such thatF C | W,.

Putkg=mo=ng=1, and proceed as follows:

Chooseny =2. ThenW; C |, i<m W

Chooseny > m1 minimal such that for each element|of; ., W;, if U; is atermin
the chosen representation of an element of it them .

Choosek1 > n1 so large that for alj > k1 we have:
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(1) If U; is a term in the chosen representation of an elemeW¥ gftheni > ny;
(2) k1 is minimal subject to 1 ankly > n1.

Next, chooseny = k1 + 1. Chooseny > m» minimal such that for each element of
Uj<m2 W;, if U; is a term in its chosen representation, tiienn,. Choosek, > n, such
that for all j > k> we have:

(1) If U; is a term in the chosen representation of an elemeW¥ gftheni > np;
(2) k2 is minimal subject to 1 ankb > no.

In general, chooser 1 > k; + 1. Choosen 1 > m 1 minimal such that for each
eIememUigmj+l W, if U; is aterm in its chosen representation, thet ;1 1;
Choosek ;1 > n ;41 minimal so that ift > k; 1 then:

(1) If U; is aterm in the chosen representation of an elemeW,oftheni > n ;4 1;
(2) kjy1is minimal subjectto 1 ankl; 1 >n ;1.

For eactv put B, = Uy, ,+1<;<x, VVj- One can check that for eaehit is the case

that
Bm - U Ui .

Ny —1 K <Np1

But by the choice of th&V;’s we have: Either for each finite c X there is am such that
F C Ba2.,,_1, or else for each finité" C X there is am such thatF' C Ba.,,.
In the former case the partition

{Ui: no<i <ng}, {Ui: np<i<na},....{Uj: noy <i <nops2}, ...
of the large covel/ witnesses thdl is in A™8”. In the latter case the partition
{Ui: n1 <i<na}, {Ui: na<i<ns},....{Uj: noy—1 <i <noms1},...

witnesses the same. This completes the proof that (3) implies (4).

(4) = (5): It was shown in [10] thaS&sin(I", A) is equivalent toSsin (§2, A). This plus
(4) gives (5).

(4) = (6): By (4) and Corollary 5 and Proposition 11 of [17] and Theorem 5 of [19]
ONE has no winning strategy in the gan®,(A, A). Since a strategy for ONE in
Giin(I', A) is also a strategy for ONE iGiin(A, A), ONE has no winning strategy in
Giin(I", A). In any play lost by ONE in the gan@in (I, A), player TWO ends up with a
countable large cover of. By (4) this cover is indeed weakly groupable. Thus, ONE has
no winning strateqy itGfin (1", A%8P).

(5) = (7): By the methods of [17] or [10%in(£2, A) is equivalent toSgin(A, A).
Then as in the proof of (4 (6) one concludes that ONE has no winning strategy in
Giin(£2, AYSP).

(10)= (3): This is proved similarly to proving that (2 (3).

(3)= (1): Thisis easy. O
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Theorem 3. For a spaceX the following are equivalent

(1) Sfin(£2, AYSP);
(2) For eachk the partition relations2 — [ A*4P12 holds.

Proof. (1) = (2): Ssin(£2, A%8P) implies that ONE has no winning strategy in the game
Gfin(£2, A¥¢P). By [12] Theorem 2: For each, 2 — [AY$P72.
(3)= (1): By [12], Theorem 582 — [A"8P]2 implies Siin (2, A¥8P). O

The results of this section and one of the main results of [12] illuminate somewhat the
currently still open Problems 1 and 2 on p. 243 of [10]. For recall from [12] that an open
coverl/ of a spaceX is groupableif there is a partitiorid = |, . U» such that eacly, is
finite, form # n we havelt,, N U, = ¥, and for each € X, for all but finitely manyr we
havex € | JU,. The symbolgD$? and A$? denote the families of groupable open covers,
and groupable large covers &f respectively.

Problem 1 of [10] translates to the problem

Problem 1. Is Ssin (I", AY8P) = S¢n (I, £2)?
Problem 2 of [10] translates to the problem:

Problem 2. And if not, doesssin (I, A87) imply Sgin (I, £2)7?

The selection principle S;(£2, AY8P)

We now discuss the stronger selection princiglgs2, A¥8”). As before the key
observation that brings techniques developed elsewhere to bear on this selection principle
is:

Lemma 4. The following statements are equivalent

(1) S1(£2, A™8P).
(2) s1(£2, A) and each countable large cover is weakly groupable.

Proof. Only (1) = (2) requires proof. It is evident tha;(£2, A*¥87) implies each of
S1(82, A), andSiin (£2, A™8P). Apply (5) of Theorem 2. O

This is used in the proof of the main result of this subsection:
Theorem 5. For a spaceX the following are equivalent
(1) Sa(82, A™EP).

(2) ONE has no winning strategy in the ga@e(s2, A¥8P).
(3) For eachk, 2 — (AYEP)2,
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Proof. (1) = (2): Let F be a strategy of ONE in the gan® (£2, A*87). Then it is also

a strategy for ONE in the gam®@1(£2, A), and thus a strategy for ONE in the game
G1(A, A). But X has propertys1(£2, A). Then by Theorem 17 of [17} has the property
S1(A, A). By Theorem 3 of [19],F is not a winning strategy for ONE in the game
G1(A, A)—and thus not in the gam@1(£2, A). Consider anyF-play of this game, lost
by ONE, say

F®), T, F(Th), T2, F(T1,T2), T3, . ...

Then{T,: n € N} is a countable large cover df. Again using (1) and Lemma 4 we
see that this large cover of is weakly groupable, and thus this play is indeed a play of
G1(£2, A™8P) that is lost by ONE.

(2) = (3): This implication follows directly from [12], Theorem 1.

(3) = (1): Theorem 6 of [12] gives this implication.O

Problem 3. Is S1(£2, A"8P) stronger thars,(£2, A)?

Problem 4. 1s S1(£2, £2) stronger tharS1($2, AY8P)?

Part |I: Therelative Hurewicz property

In this part of the paper we give a detailed development of what we call the relative
Hurewicz property. Some of the work here improves and extends results from [8].
W. Hurewicz introduced the Hurewicz covering property in 1925 in [9]:

Definition 6. For each sequenc@s,: n € N) of open covers of a spack there is a
sequenceg),: n € N) of finite sets such that for eachV, c U,, and for eachx € X,
for all but finitely manyn, x € | V,.

We shall refer to the property described in Definition 6 asahgoluteHurewicz property.
The relative version of this property is:

Definition 7 [8]. Let Y be a subset of a space. We say thatr is Hurewicz in X (or
relatively Hurewicz inX) if for each sequencé/,: n € N) of open covers o¥ there is a
sequencéV,: n € N) such that every), is a finite subset dff, and eachy € Y belongs to
(JV, for all but finitely manyn.

Neither of these two definitions define a selection property of the &mA, B). But
in [12] it has been shown that for appropriately chosen clagsasd5 of open covers of
a spaceX the absolute Hurewicz property can beaddcterized by a selection principle of
the formSsin (A, B). Our first task in this part is to also characterize the relative Hurewicz
property in this way.

One of the important tools in executing this task is the following game-theoretic
characterization of the relative Hurewicz property. Witta subspace of the spag&e let
the gamed(Y, X) be as follows: Players ONE and TWO play an inning per positive integer.
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In thenth inning ONE first chooses an open cowy of X, and then TWO responds with
a finite subsef;,, of 0,.. A play

O1,T1, 02, T2,...,0p, Ty, ...

is won by TWO if for eachy € ¥ and for all but finitely many:, we havey € | T;.
Theorem 8 [1]. For a subspacé” of a Lindel6f spaceX the following are equivalent

(1) Y is relative Hurewicz inX.
(2) ONE has no winning strategy in the gaméey, X).

Theorem 9. For a Lindelof spaceX and its subspac# the following are equivalent

(1) Y has the Hurewicz property iX;
(2) Sfin(Ax, A§) holds
(3) Sfin(2x, A§) holds.

Proof. (1) = (2): Let (U,: n € N) be a given sequence of large coversXafOne may
assume that these covers are countable.

Consider the following strategy;, of ONE in the gameH(Y, X). The first move by
ONE is o (@) = Uy. If TWO responds with the finite sef; C o(¥), then ONE plays
o(T1) =U2 \ Ty, still a large cover of. Suppose: innings have been played and TWOs
responses in these were the finite s&ts . ., 7,. Then ONESs responsedg Ty, ..., T,) =
Up1 \ (T1U---UTy). This defines a legitimate strategy for ONE.

Apply the fact thatt is Hurewicz inX: By Theorem & is not a winning strategy for
ONE. Consider a play

o®), T, o(T1), Tz, o (T1, T2), ...

which is lost by ONE.

Then for eachy € Y, for all but finitely manyn we havey € | JT,. Also, by the
definition of o, the finite setsT,, are disjoint from each other. But thén, 7 is a
groupable large cover df.

(2) = (3): This follows directly from the fact that every-cover is large.

(3)= (2): Let (U,: n € N) be a sequence of open coversXaf We may assume that
eachl4, is countable and does not contain a finite covek of

For eachn, let V, be the set of finite unions of elementsigf. Then each), is an
w-cover of X. Enumerate each, bijectively as(V}": k € N). Define neww-covers\y, in
the following way:

(1) W=V,
(2) Forn>1, W, ={VE NV2 N---NVEin<mi<mz<--<mu}\ {4}

For each element oV, choose a representation of the fovf,ﬁnl N V,EZ N---NV, with
n<mi<ma<---<my.
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Apply Sfin(2x, A}) to the sequencéV,: neN) to find for eachn a finite set
Gn C Wy such that J, . G, is a groupable large cover &f. Choose for each a finite set
H, such that these are disjoint from each oty H, = U, <y Gn, and each element
of Y belongs to all but finitely many of the set$#,,.

Chooser; > 1 so large that{,, C Uj>1gj. Then letZ; be the set olel that appear
as terms in the chosen representations of elemerit§, af Then choose; > n1 so large
that H,, C Uj>2gj and let Z> be the set oka2 that appear as terms in the chosen
representations of elements’hf,,, and so on. In this way we obtain finite sefs C V),
such that each element Bfbelongs to all but finitely many of the sét$ Z,.

Finally, for each element of Z, choose finitely many elements &f, whose union
producesC and letC, denote the finite set of elementsi@f chosen in this way. Then
the sequencé’,: n € N) witnesses the relative Hurewicz propertylofn X for the given
sequencélf,: n € N) of open covers. O

The next two theorems give a characterization of the relative Hurewicz property in all
finite powers. According to [7] a space is said to besaspace if eaclw-cover contains a
countable subset which still is ascover. Arkhangel’sﬁiand Pytkeev showed that this is
equivalent to having the Lindeldf property in all finite powers.

Theorem 10. For an e-spaceX and a subspac® of X: If for eachn e N, Y” is Hurewicz
in X" thenSsin(2x, £257) holds.

Proof. Let (U,: n € N) be a sequence a@b-covers ofX. We may assume that each is
countable. If for eachh Y" has the Hurewicz property iK”, thenY =",  Y" has the
Hurewicz property int =3}, _ X". Then by Theorem 8 ONE has no winning strategy
in the gameH (X, ). Also, for eachn the setO,, = {U™: U €U,, m € N} is a large open
cover of X

Consider the strategy of ONE defined as follows: In the first inning,(¥) = O;. If
TWO responds with the finite s C O1, then ONE plays (T1) = 02\ {V": n e N and
(3j)(VJ/ e Ty)} Supposing now that during the firstinnings TWO has played the finite
setsTy, ..., T,, ONE plays in the next inning the se(Ti, ..., T,) = Oy4+1 \ {V": n €N
and(3;)(V/ e (TLU---UT,))}. This definesr for all legitimate moves in the game.

By Theorem 8¢ is not a winning strategy for ONE. Consider a play

0@, Th,0(T1), To,0 (11, 1), . ..

which is lost by ONE. Then, for eache Y, for all but finitely manyn, we havey € | T,,.

For eachn, defineV, = {V: (3j)(V/ € T,)}. EachV), is finite. By the definition ob we
haveV,, NV, = @ whenevemn £ n. Moreover, if F is a finite subset of then for all but
finitely manyn there is av € V, such thatF" c V. Finally, for eachn we have), c U,. It

follows that( J, . V» is a groupable-cover ofY. 0O

Let A and B be families of subsets of the infinite s&t ThenCDRgy, (A, B) denotes
the statement that for each sequendg: n € N) of elements of4 there is a sequence
(By: n € N) such that for eachh B, C A,, for m #n, B, N B, =¥, and eachB,, is a
member of3. This notation was introduced in [17].
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Lemma 11. Let X be ane-space for whichCDRgyy(£2, £2) holds. If for a subspace
of X Sin(2x, ng/’) holds, then for each sequen@é,: n € N) of w-covers ofX there is a
sequencéV,: n € N) of finite sets such that

(1) Vi NV, =¥ whenevem # n;
(2) For eachn, V, C Uy;
(3) For each finiteF c Y, for all but finitely many: there is aV €V, such thatF C V.

Proof. Let (4,: n € N) be a sequence ab-covers of X. Since X has the property
CDRgh(£2, £2) we may assume that tli¢,’s are disjoint from each other. Sincéis an
g-space we may also assume that edglis countable. Enumerate eabh bijectively as
(U keN).

For each: defineV), to be the collection of nonempty sets of the form

Up N---NUp .
Then eaclV, is anw-cover of X. Apply Siin(2x, 95”) to this sequence to find for eagh
a finite nonempty se¥, C V, suchthat’ = J, .V, is a groupable-cover ofY.

Select a partition =  J, .y Wik of V such that eact; is finite, and for each finite
subsetF of Y, for all but finitely manyk there is aW € W such thatFF ¢ W. Putk; =1
and letH1 be the set oUil’s that occur as terms in the chesrepresentations of elements
of Wy, . Next choosé: > k1 so large that for alj > k, we have)V; disjoint fromV; . Let
‘H> consist of all sets of the forrnll.2 that occur as a term in the chosen representation of
an element o#Vy,. Then choosés > k2 so large that for alj > k3 we haveW; NV, =4,
and letH3 consist of theUf’s that occur as terms in the chasrepresentations of elements
of Wi,, and so on.

In this way we obtain a sequen¢H,,: n € N) of finite sets as required.O

Theorem 12. Let X be ane-space for whiclCDRgy (£2, £2) holds. If for a subspac¥® of
X Sfin(2x, 237) holds, then for each € N, Y” is Hurewicz inX".

Proof. Fix n and letOWV;: k € N) be a sequence of large coversXsf. For eachk let L4
be the collection of open subsétsof X such thatV” is a subset of a union of finitely
many elements ofVy. Then eacli; is anw-cover ofX: For let a finite subsek of X be
given. LetWr « be a finite subset ofV, which coversF”. SinceF” is compact Wallace’s
theorem implies that there is an open etz X such thatF" c V" C | JWr k. Thus,
FcVandV el.

Apply Siin(2x, £2;7) and Lemma 11 and choose for edch finite setV; C U such
that the sequenc@/y)ren has the three properties of Lemma 11. For €faelmd for each
elementV of V choose finitely many elements @, which coverV”; let H; be the finite
set of elements oV, chosen in this way. Then the sequerigg.: k € N) witnesses for
Wk: k e N) thatY” is Hurewicz inX". O
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Part I11: The Hurewicz property in metrizable spaces

In this part we treat for the Hurewicz covering property a topic which is more
extensively studied in [1] and [2] for several selection principles. Like for the Rothberger
property, there is a useful way of descriggiim metrizable spaces those subspaces which
are relatively Hurewicz in the superspace in terms of basis properties of the superspace
and in terms of metric measure theory. The analogous work for the Rothberger property
S1(0, O) and its relative version appears in part in [14] and in part in [18].

In [13] Menger defined the following: Metric spad&, d) has theMenger basis
property if there is for each basi®8 of (X,d) a sequencgU,: n € N) such that
lim,_  diamy (U,) = 0, and{U,: n € N} coversX. In [9] Hurewicz showed that the
Menger basis property is equivalent to the Menger covering progans©, O). When
the spaces in question are meable the relative version of the Menger property can be
similarly characterized by a r&ivized Menger basis property.

We show now that also the Hurewicz property and its relative version are characterized
by a basis property. L&t be a subset of a metrizable space

Definition 13. Y has theHurewicz basis propertin X if for any basisB of metric space
(X, d) there is a sequenc®/,,: n € N) from B such thafU,,: n € N} is a groupable cover
for Y and lim,_, o diam; (U,)) = 0.

Theorem 14. Let (X, d) be a metric space with no isolated points andiebe a subspace
of X. The following statements are equivatent

(1) Y is relatively Hurewicz inX;
(2) Y has the Hurewicz basis property k.

Proof. (1) = (2): Let Y be relatively Hurewicz inX. Let B be a basis ofX and let
U, ={U e B | diamy(U) < ﬁ}. Eachi, is a large open cover of. Then for eachn
let V, € U, be a finite set such that), .V is a groupable cover for. If (J,.y Vi =
{U,: n € N}, then lim,_, o diam,; (U,) = 0.

(1) < (2): Let Y have the Hurewicz basis property i and let(4,: n € N) be a
sequence of open covers Bf We may assume without loss of generality that whenever
an open seV is a subset of an element oft4, thenV is a member ot4,. For eachn
defineH, ={Ur1N---NU,: (Vi <n)(U; eU;)}\ {¥}. Then still each,, is an open cover
of X, and has the property that whenever an opeivssta subset of a member &f, then
VeH,.

Let be the sefU UV | (3n)(U, V € H, and diam(U U V) > 1)}.

Claim. U/ is a basis forX.

For letW be an open subset af containing a poinkt € W. Sincex is not an isolated point
of X, choosey € W \ {x} andn > 1 with d(x, y) > 1. Then findU, V € H, with x e U,
yeVandU UV C W. This completes the proof of the claim.
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SinceY has the Hurewicz basis propertyihselect setdV, from the basig¢/ of X such
that lim,_, » diam; (W,) = 0 and{W,,: n € N} is a groupable cover far.

Selectasequenee; < mo < --- <my < ---such thatfor each € Y, for all but finitely
manyk there is aj with my < j < myy1 such thaty e W;.

For each: choose the least, and setsUn andV, fromi4, such thaw, = U, UV,, and
choosen,, maximal with diamy(W,,) < —. Thenk,, > m,, for eachn, and lim,_, o m, =
oo. Hence for each such select]adthere are only finitely maan for which the chosen
representative¥,, V, are fromi, and have diag(U, UV,) > k . Let V}, be the finite
set of such/,, V,,. For convenience let us also say thgt usesukn

Now choosel) <y <<ty <---andji < jo<--- < j, < --- as follows:

Choose’1 > 1 so large that eacW; with i < m1 has a representation of the foliu V
usingU's andV'’s from the sets/,, k; < £1. Then choosg; so large that for all > jj, if
W; uses a,, thenk, > £;.

To definely, let my be least larger thegy, and now choosé; so large that ifW; with
my < i < myy1 uses dfy, thenk; < £,. Then choosgz > ji so large that for all > j, if
W; uses &, thenk, > ¢;.

Continue in this way to alternately choogg and j,,. Observe for each that if we
consider the least; > ¢,,, then:

(1) if W; with my <i < mg4q uses &%, thent,, <k; <L€mi1;
(2) ifi > ju, thenif W; usesyy, , thenk, > £,,.

For eachV e U, with k, < £1 choose & € Uy with V € U, and letG, € U1 be this
finite set.

In general for eaclv e U, with £, <k, < £,41 choose &/ € U, with V C U. Let
Gp C U, be this finite set.

Then we have that for eache Y, for all but finitely manyp, y € [ JG,. It follows
thatY is Hurewicz inX. O

In Theorem 14 it is necessary to assume tkidtas no isolated points. For example,
supposeX = N and has the discrete topology. Létbe any infinite subset of and let3
be the basi${x}: x € X} of X. Then no sequence froffiis a groupable cover df.

In [4] Borel defined a notion nowadays callsttong measure zerdn light of new
developments in the combinatorics of open covers (see [1] and [2]) it seems more
appropriate to call Borel’s properBorel strong measure zerd is Borel strong measure
zero if there is for each sequenae,: n € N) of positive real humbers a sequence
(J.: n € N) of subsets ofY such that eacly, is of diameter< ¢,, andY is covered
by {J,: n e N}.

In [18] it was shown that iV is a subset of &-compact metrizable spacéthenY has
the relative Rothberger property kif, and only if, Y has Borel strong measure zero with
respect to each metric oni which generates the topology #f.

In [14] it was shown that has the absolute Rothberger property if, and only if, it has
Borel strong measure zero with respect to each metrig arhich generates the topology
of Y.
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We now give a similar description in terms of metrization theory of the relative- and
absolute-Hurewicz properties. First we define:

Definition 15. Metric spacqY, d) is Hurewicz measure zeiibthere is for each sequence
(e,: n € N) of positive real numbers a sequen@g: n € N) such that:

(1) for eachn, V), is a finite set of subsets af;
(2) for eachn, each member of,, hasd-diameter less thasy,;
(3) U, en Vn is a groupable cover df.

Theorem 16. Let (X, d) be a zero-dimensional separable metric space with no isolated
points and letr be a subspace df. The following statements are equivatent

(a) Y has the Hurewicz property iX;
(b) Y has Hurewicz measure zero with respect to every metri& amhich givesX the
same topology ag does.

Proof. (a)= (b): LetY have the relative Hurewicz property i, letd be any metric on
X and let(e: n € N) be any sequence of positive real numbers. For eaehN define
U, ={U C X | U is an open set af-diameter at most, }. Then eaclis, is a large open
cover of X. SinceY has the Hurewicz property iN there exist by Theorem 9 finite sets
VY €Uy, such that J, . Vs is a groupable cover of . HenceY has Hurewicz measure
zero with respect to every metricof X which givesX the same topology.

(b) = (a): Letd be an arbitrary metric oX which givesX the same topology as the
original one. Letl4,: n € N) be a sequence of open coversXfSinceX is a separable
zero-dimensional metric space, we can fitd}: » € N) such that for each:

(1) U is clopen disjoint cover of refiningl,;
(2) U euU; implies that the diap(U) < &;
() U, , refiness;;.

(To see that this can be done: First replace the cd¥gerby the cover{U |
U clopendiamy(U) < nl and3V e U,, U C V}. SinceX is separable we can replace this
last cover by a countable subcoyér,: m € N}. Since the sets in this cover are clopen we
can make the cover disjoint. Finally obtain (3) by further intersections.)

Now define a metrid* on X by d*(x, y) = ﬁ wheren is the least such that there exist
U eU} with x e U andy ¢ U. One can check that* generates the same topology &n
asd does. Thug has Hurewicz measure zero with respectito By settinge,, = %

for eachn, we find finite sets/, such that diagy(U) is less thare, (= n—il) whenever
U €V,, andJ{V,: n € N} is groupable cover for .

Let W,: n € N) be a sequence of finite families of open sets suchitign W, = ¢
whenevern # n, andJ,,cy Wi = U,y Vi, @nd for eachy € Y, for all but finitely many
n,y € Jw,.

Choose sequencesdlii <ipg <---<ip <---andjo=l<ji<jo< - < jpm<---
such that:
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(1) Each element ofVy is contained il J; ;, Vi;
(2) Foreach > ji,if U e W, thenU ¢ |, ¢, Vi

(3) Each element ofV;, is contained ir_J Vi.

i <i<ig41

Each element o¥V;, hasd*-diameter less thag;, ande;, < % Thus, by definition
of d*, each element ofV;, is a subset of an element of, each of which in turn is a
subset of an element of;. For eachx, for each element of W;, choose &/ € U with
W C U and let7; be the finite set of such choséin’s.

Then, for eacty € Y and for all but finitely many we havey e | JJx. O

Part 1V: An example

Let Y be a subspace of. With 2 denoting thew-covers ofX and I'y denoting the
y-covers ofY by sets open irX, we say thatt is a relativey-set in X if the selection
hypothesiss1(§2, I'y) holds. This property was studied in [11] where it is shown that:

(1) Everyy-setis a relativer-set in each space of which it is a subspace;

(2) If Y is arelativey-setinX andZ C Y, thenZ is a relativey -set inX;;

(3) Under the Continuum Hypothesis (CH) there are relgthsets which are not absolute
y-sets.

We shall now show, using CH, how to obtain a relativsubsefy of the Cantor set such
thatY does not have the absolute Menger prop8tiy(O, O). This in particular will show
that even the most restrictive relative covering property is not related to the least restrictive
absolute covering property. The construction is a small modification of the construction
givenin the proof of Theorem 1 of [6], in that we consider aabgovers of the superspace,
while [6] considers also families that need notd&overs of the superspace. Using the
notation from [6], first observe that Lemma 1.1 of that paper is also true in the following
form:

Lemma 17 [6, Lemma 1.1]Let X be an infinite set of positive integers and(&}: n € N)
be a sequence af-covers of2N. Let C be a countable subset @f. Then there is a
sequencélU,: n € N) and an infinite subsef of X such that

(1) Foreachn, U, eU,; and
(2) cur® - UmeN mn>m Un.

To construct our relative-set, proceed as follows:

Let (fy: « < w1) enumeraté'N. Also, let (( “: neN) @ <w1) enumerate all
sequences of countable-covers of 3'. We shall now recursively choose infinite sets
Yy, @ < w1 of positive integers such that:

(1) Fora < B we haveYpg \ Y, finite; and
(2) for eachx, the enumeration function Enynof Y,, eventually dominateg, .
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To begin, apply Lemma 17 t&§ = N and(u,?: n € N) and choose an infinite s&tc N,
and a sequena@/?: n e N) such that for each we haveU? € 10 and{U%: n e N} is a
y-cover of Y*. Then letYp be an infinite subset af such that Enug the enumeration
function of Yo, eventually dominategy. Observe thakry € Y*.

Let 0 < @ < w1 be given and assume that we have for gdicha already selected Hg

and a sequenqéjf: n € N) such that:

(1) Foreachn, U,f eu,‘f;

(2) {U,'?: n € N} is ay-cover of{Ys: § < B} UY};

(3) Foreachs < g, Yg € Yy

(4) For eachs < «, Enum;, the enumeration function dfs, eventually dominategs.

Choose first an infinité such that for eaclf < o we haveX \ Y is finite. Then apply
Lemma 17 toX and the countable s€t = {Y3: 8 < «} and the sequend@(;’: n € N) of
w-covers of ' to find an infinite set c X, and a sequenc@/: n € N) such that for
eachn we haveUy e U, and{UY: n € N} is ay-cover ofC UY*. Then choose an infinite
setY, C Y such that Enug, the enumeration function df,, eventually dominateg,.
SinceY; C Y*, we see thatUy: n e N} is ay-cover of{Ys: g <o} UY].

Thus, we can recursively choogg and(U?: n € N), @ < w1, so that the four recursive
conditions are met at each

Finally put) = {Y,: « < w1}. Then) is the required relativg-set in 27. We must see
that)’ does not have the Menger propes, (O, O). To see this, note that the function
F:Y — NN defined byF(Y,) = Enum, is continuous. Moreover, by constructidti)]
is a dominating family in'N. By a theorem of Hurewiczy does not have the Menger
property. O
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