
R

Available online at www.sciencedirect.com

l

e-

for
. Using
Topology and its Applications 140 (2004) 15–32

www.elsevier.com/locate/topo

Combinatorics of open covers (VIII)

Liljana Babinkostovaa, Ljubiša D.R. Kǒcinacb,1,
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In this paper we continue previous investigations into the combinatorial propert
sequences of open covers of topological spaces. LetA andB be collections of subsets o
an infinite setS.

The symbolSfin(A,B) denotes the statement that there is for each sequence(On: n ∈ N)

of elements ofA, a sequence(Tn: n ∈ N) of finite sets such that for eachn we have
Tn ⊂ On, and

⋃
n∈N

Tn ∈ B. In [9] Hurewicz considered this statement for the case w
bothA andB are the collection of all open covers of a given topological space. Hure
proved that for metric spaces this selectionhypothesis is equivalent to a property intr
duced a year earlier by Menger. Nowadays, when a space satisfies Hurewicz’s se
hypothesis, it is said to have theMenger property.

The symbolS1(A,B) denotes the statement that there is for each sequence(On: n ∈ N)

of elements ofA, a sequence(Tn: n ∈ N) such that for eachn we haveTn ∈ On, and
{Tn: n ∈ N} ∈ B. In [16] Rothberger considered this statement for the case when boA
andB are the collection of all open covers of a given topological space. He showed th
property implies the strong measure zero property introduced in 1919 by Borel. W
space satisfies Rothberger’s selection hypothesis, it is said to have theRothberger property.

Several other examples of mathematical properties defined, or characterized, in ter
of these two selection principles, exist in current literature. Perhaps the best known
these because of their role in function space theory, are Arkhangel’skiı̌’s countable fan
tightness property, the Fréchet–Urysohn property, theγ -property of Gerlits and Nagy, th
Sakai property, and yet another Gerlits–Nagy property. These terms will be define
on in the paper as needed. But also well known are examples of these properties
theory of the Stone–̌Cech compactification of the set of natural numbers: The so-c
P-points have a characterization in terms of anSfin-type selection principle, while selectiv
ultrafilters have a characterization in terms of anS1-type selection principle.

In the earlier papers in thisCombinatorics of Open Coversseries the selection principle
S1(A,B) andSfin(A,B) have been extensively studied for the case whenA andB were
for a fixed spaceX families of open covers with special properties. Recently the follow
interesting generalization of theseworks was introduced in [11]: Let spacesX andY be
given with Y a subspace ofX. Consider these selection principles whenA is a family
of open covers of the superspaceX, andB is a family of covers ofY by sets open inX.
By hindsight, some earlier results—as in [18], for example—characterized some imp
classical properties in terms of this scenario.

In the case when these selection properties are for open covers of one fixed spacX, we
shall call themabsolute selection principles. In the other case, where they refer to cov
of a subspaceY of some superspaceX by sets open inX, and selection is from covers o
X, we shall call themrelative selection principles.

Part of the interest in these two selection principles stem from the fact that they se
be the key in establishing a connection between the subjects where they arise, with
area of mathematics which arose independently from a 1930 result of F.P. Ramse
subsequent intensive activity by Erdös and numerous collaborators and contributor
area—Ramsey theory. Thus far the main technical tools used to establish this con
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have been infinite games. In [12] much of these techniques has been given a general
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The paper is organized to have a background section, followed by four parts.

Background section we familiarize the reader with the Ramsey-theoretic statements, th
game-theoretic statements and notation of the paper. Then Part I is devoted to the s
two specific absolute selection principles. We show that a selection principle intro
in an earlier paper, and which appeared to not be anS1- or Sfin-type selection principle
is really anSfin-principle. The main innovation needed was to introduce an approp
class of open covers for spaces—the so-calledweakly groupableopen covers. This, plu
the results in [12], show that all the selection principles that were considered in [17
in [10] are of theS1- or the Sfin-kind. This new information may be useful in solvin
Problems 1 or 2 of [10].

In Part II we characterize the relative Hurewicz property in a manner analogo
the characterization of the absolute Hurewicz property given in [12]. In Part III we tur
attention specifically to metrizable spaces, and characterize the relative Hurewicz pro
there in terms of basis theory, and metric measure theory. In Part IV we show th
relative selection properties are much different from their absolute counterparts by sh
that the Continuum Hypothesis implies the existence of a relative gamma set whic
not have the absolute Menger property, and thus is not aγ -set.

Background

Ramsey theory

For positive integersn andk the symbolA → (B)nk denotes the statement:

For eachA ∈ A and for each functionf : [A]n → {1, . . . , k} there are a setB ⊆ A and
a j ∈ {1, . . . , k} such that for eachY ∈ [B]n, f (Y ) = j , andB ∈ B.

Here[A]n denotes the set ofn-element subsets ofA. We callf a “coloring”, and we say
that “B is homogeneous of colorj for f ”.

This symbol is called theordinary partition symbol. It is one of many “partition
symbols” that have been extensively studied. Ramsey theory deals with partition sy
F.P. Ramsey proved the first important partition theorem. The ordinary partition sy
denotes a relation betweenA andB, and this relation is called theordinary partition
relation. Several selection principles of the formS1(A,B) have been characterized b
the ordinary partition relation.

Another partition symbol important for the study of selection principles is motivate
a study of Baumgartner and Taylor in [3]. For each positive integerk, A → �B�2

k denotes
the following statement:

For eachA in A and for each functionf : [A]2 → {1, . . . , k} there is a setB ⊂ A and
a j ∈ {1, . . . , k}, and a partitionB = ⋃

n∈N
Bn of B into pairwise disjoint finite set
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such that for each{a, b} ∈ [B]2 for which a andb are not from the sameBn, we have
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We say that “B is nearly homogeneous forf ”. The relation betweenA andB denoted by
this partition symbol is called theBaumgartner–Taylor partition relation. Several selection
principles of the formSfin(A,B) have been characterized bythe Baumgartner–Taylo
partition relation.

When the pair(A,B) are appropriately related, one can show that if the correspon
partition relation holds, then the corresponding selectionhypothesis is true for the pai
What “appropriately related” means is defined in [12], and this plus the related resul
be cited below.

Infinite games

The symbolG1(A,B) denotes the game where two players, ONE and TWO, pla
inning per positive integer. In thenth inning ONE chooses a setOn ∈ A, and TWO
responds by choosing an elementTn ∈ On. TWO wins a play(O1, T1, . . . ,On,Tn, . . .)

if {Tn: n ∈ N} is a member ofB; otherwise, ONE wins. For the remainder of the pap
for a given topological space,O denotes the collection of all open covers of the spa
Galvin introduced the gameG1(O,O) in [5]. In [15] Pawlikowski proved that a space h
propertyS1(O,O) if, and only if, ONE has no winning strategy in the gameG1(O,O).

The symbolGfin(A,B) denotes the game where ONE and TWO play an inning
positive integer, and in thenth inning ONE chooses a setOn ∈ A, while TWO responds
with a finite setTn ⊆ On. TWO wins the play(O1, T1, . . . ,On,Tn, . . .) if

⋃
n∈N

Tn ∈ B;
otherwise, ONE wins. Though Telgársky first explicitly defined a game of this form in
it was already considered in 1925 by Hurewicz when he proved in Theorem 10 of [9
a space has propertySfin(O,O) if, and only if, ONE has no winning strategy in the gam
Gfin(O,O).

If ONE does not have a winning strategy in the gameG1(A,B) then the selection
hypothesisS1(A,B) is true; similarly for Gfin(A,B) and Sfin(A,B). The converse
implication—the selection hypothesis implies that ONE has no winning strategy i
corresponding game—is not always true, and accordingly of much greater interest. Whe
this converse implication is true, the game characterizes the selection principle,
a powerful tool to extract additional information aboutA andB. If A has appropriate
properties, the game-theoreticcharacterization can be used to derive Ramsey-theo
statements. Such “appropriate” properties were identified in [12].

Part I: The selection principle Ufin(Γ,Ω)

Let X be a space. An open coverU of X is said to be aγ -cover if it is infinite, and each
element ofX belongs to all but finitely many elements ofU . Let Γ denote the collection
of γ -covers ofX. An open coverU of X is said to be anω-cover if X is not a membe
of U , but for each finite subsetF of X there is aU ∈ U such thatF ⊆ U . Let Ω denote the
collection ofω-covers ofX.
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The symbolUfin(Γ,Ω) denotes the statement: For each sequence(Un: n ∈ N) of γ -
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covers ofX there is a sequence(Vn: n ∈ N) of finite sets such that for eachn Vn ⊂ Un, and
either for somen we haveX = ⋃

Vn, or else{⋃Vn: n ∈ N} is anω-cover forX. In this
section we shall show, in the spirit of [12], that this statement is equivalent to one
form Sfin(A,B), and can be characterized Ramsey-theoretically and game-theoretically.

Recall that an open coverU of X is large if for eachx ∈ X the set{U ∈ U : x ∈ U} is
infinite. The symbolΛ denotes the collection of large covers ofX.

Definition 1. An open coverU of X is weakly groupableif there is a partitionU = ⋃
n∈N

Un

such that eachUn is finite, for m �= n we haveUm ∩ Un = ∅, and for each finite subsetF

of X there is ann with F ⊂ ⋃
Un.

The symbolOwgp denotes the collection of all weakly groupable open covers oX.
Similarly the symbolΛwgp denotes the collection of all weakly groupable large cov
of X.

Theorem 2. For a spaceX the following are equivalent:

(1) X has propertyUfin(Γ,Ω).
(2) X satisfiesSfin(Γ,Λwgp).
(3) For each sequence(Un: n ∈ N) of γ -covers ofX there is a sequence(Vn: n ∈ N) of

pairwise disjoint finite sets such that:
(a) for eachn, Vn ⊆ Un and
(b) for each finite subsetF of X there is ann with F ⊂ ⋃

Vn.
(4) X has propertySfin(Γ,Λ), and each countable large cover ofX is weakly groupable
(5) X has propertySfin(Ω,Λ), and each countable large cover ofX is weakly groupable
(6) ONE has no winning strategy in the gameGfin(Γ,Λwgp).
(7) ONE has no winning strategy in the gameGfin(Ω,Λwgp).
(8) X satisfiesSfin(Ω,Λwgp).
(9) X satisfiesSfin(Ω,Owgp).

(10) X satisfiesSfin(Γ,Owgp).

Proof. The implications (6)⇒ (10), (7)⇒ (8), (8)⇒ (9) and (9)⇒ (10) are easy. Th
rest deserve proof or further remarks.

(1) ⇒ (2): Let (Un: n ∈ N) be a sequence ofγ -covers ofX. We may assume that fo
m �= n we haveUm ∩ Un = ∅. We may also assume for eachn that no finite subset ofUn

coversX.
Applying Ufin(Γ,Ω) we find for eachn a finiteVn ⊂ Un such that{⋃Vn: n ∈ N} is

anω-cover ofX. ThusV = ⋃
n∈N

Vn is a large cover ofX and the partition(Vn: n ∈ N)

witnesses thatV is weakly groupable.
(2) ⇒ (3): Let (Un: n ∈ N) be a sequence ofγ -covers ofX. We may assume that ea

Un is countable and that ifm �= n, thenUm ∩ Un = ∅. For eachn enumerateUn bijectively
as(Un

m: m ∈ N). Then for eachn put

Sn = {
U1

k ∩ · · · ∩ Un
k : k ∈ N

} \ {∅}.
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Then eachSn is aγ -cover ofX, and by omitting elements where necessary we may assume
t of

t

t

that for m �= n we haveSm ∩ Sn = ∅. We also in advance choose for each elemen
eachSn a representation as an intersection as in the definition.

Applying Sfin(Γ,Λwgp) to the sequence(Sn: n ∈ N), we choose for eachn a finite
Wn ⊂ Sn such thatW = ⋃

n∈N
Wn is in Λwgp , and form �= n alsoWm ∩ Wn = ∅. Next,

write

W =
⋃
n∈N

Rn

where for eachn Rn is finite, and form �= n alsoRm ∩Rn = ∅, and for each finiteF ⊂ X

there is anm with F ⊂ ⋃
Rm.

Choosei1 � 1 minimal such that for allj > i1 we haveW1 ∩Rj = ∅. Then put

V1 = {
U1

k : (∃j � i1)
(
U1

k a term in the chosen

representation of an element ofRj

)}
.

Then choosei2 > i1 minimal so that for allj > i2 we haveW2 ∩Rj = ∅. Put

V2 = {
U2

k : (∃j � i2)
(
U2

k a term in the chosen

representation of an element ofRj

)}
.

In general, chooseik+1 > ik minimal such that for allj > ik+1 we haveWk+1 ∩ Rj = ∅
and put

Vk+1 = {
Uk+1

� : (∃j � ik+1)
(
Uk+1

� a term in the chosen

representation of an element ofRj

)}
.

Then for eachk we haveVk ⊂ Uk finite, and form �= n we haveVm ∩ Vn = ∅. Let
F ⊆ X be a finite set. Find ann with F ⊆ ⋃

Rn. Find the leastk with n � ik . Then we
haveik−1 < n and so(W1 ∪ · · · ∪ Wk−1) ∩ Rn = ∅. But then each element ofRn has in
its representation a term of the formUk

i . It follows that
⋃

Rn ⊆ ⋃
Vk , and soF ⊆ ⋃

Vk .
(3) ⇒ (4): It is evident thatSfin(Γ,Λwgp) implies Sfin(Γ,Λ). We must show tha

Sfin(Γ,Λwgp) implies that every countable large cover ofX is in Λwgp . To this end let
(Un: n ∈ N) bijectively enumerate a countable large coverU of X. We may assume tha
no finite subset ofU coversX.

For eachm define

Vm =
{ ⋃

m<j�n

Uj : n ∈ N

}
.

Then eachVm is aγ -cover ofX. We may assume that form �= n we haveVm ∩ Vn = ∅.
Apply 3 to (Vn: n ∈ N), and choose for eachn a finite setWn ⊂ Vn such that form �= n

we haveWm ∩Wn = ∅, and for each finite setF ⊂ X there is ann such thatF ⊂ ⋃
Wn.

Putk0 = m0 = n0 = 1, and proceed as follows:
Choosem1 = 2. ThenW1 ⊆ ⋃

j�m1
Wj .

Choosen1 � m1 minimal such that for each element of
⋃

j�m1
Wj , if Ui is a term in

the chosen representation of an element of it theni < n1.
Choosek1 > n1 so large that for allj � k1 we have:



L. Babinkostova et al. / Topology and its Applications 140 (2004) 15–32 21

(1) If Ui is a term in the chosen representation of an element ofWj , theni � n1;

of
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(2) k1 is minimal subject to 1 andk1 > n1.

Next, choosem2 = k1 + 1. Choosen2 � m2 minimal such that for each element⋃
j�m2

Wj , if Ui is a term in its chosen representation, theni < n2. Choosek2 > n2 such
that for allj � k2 we have:

(1) If Ui is a term in the chosen representation of an element ofWj , theni � n2;
(2) k2 is minimal subject to 1 andk2 > n2.

In general, choosemj+1 > kj + 1. Choosenj+1 � mj+1 minimal such that for eac
element

⋃
i�mj+1

Wi , if Ut is a term in its chosen representation, thent � nj+1;
Choosekj+1 � nj+1 minimal so that ift � kj+1 then:

(1) If Ui is a term in the chosen representation of an element ofWt , theni � nj+1;
(2) kj+1 is minimal subject to 1 andkj+1 > nj+1.

For eachn put Bn = ⋃
kn−1+1�j�kn

Wj . One can check that for eachm it is the case
that

Bm ⊆
⋃

nm−1�i<nm+1

Ui.

But by the choice of theWi ’s we have: Either for each finiteF ⊂ X there is ann such that
F ⊂ B2·n−1, or else for each finiteF ⊂ X there is ann such thatF ⊂ B2·n.

In the former case the partition

{Ui : n0 � i < n2}, {Ui : n2 � i < n4}, . . . , {Ui : n2·m � i < n2·m+2}, . . .
of the large coverU witnesses thatU is in Λwgp . In the latter case the partition

{Ui : n1 � i < n3}, {Ui : n3 � i < n5}, . . . , {Ui : n2·m−1 � i < n2·m+1}, . . .
witnesses the same. This completes the proof that (3) implies (4).

(4) ⇒ (5): It was shown in [10] thatSfin(Γ,Λ) is equivalent toSfin(Ω,Λ). This plus
(4) gives (5).

(4) ⇒ (6): By (4) and Corollary 5 and Proposition 11 of [17] and Theorem 5 of
ONE has no winning strategy in the gameGfin(Λ,Λ). Since a strategy for ONE i
Gfin(Γ,Λ) is also a strategy for ONE inGfin(Λ,Λ), ONE has no winning strategy i
Gfin(Γ,Λ). In any play lost by ONE in the gameGfin(Γ,Λ), player TWO ends up with
countable large cover ofX. By (4) this cover is indeed weakly groupable. Thus, ONE
no winning strategy inGfin(Γ,Λwgp).

(5) ⇒ (7): By the methods of [17] or [10]Sfin(Ω,Λ) is equivalent toSfin(Λ,Λ).
Then as in the proof of (4)⇒ (6) one concludes that ONE has no winning strateg
Gfin(Ω,Λwgp).

(10)⇒ (3): This is proved similarly to proving that (2)⇒ (3).
(3)⇒ (1): This is easy. �
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Theorem 3. For a spaceX the following are equivalent:

me
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(1) Sfin(Ω,Λwgp);
(2) For eachk the partition relationΩ → �Λwgp�2

k holds.

Proof. (1) ⇒ (2): Sfin(Ω,Λwgp) implies that ONE has no winning strategy in the ga
Gfin(Ω,Λwgp). By [12] Theorem 2: For eachk, Ω → �Λwgp�2

k.
(3)⇒ (1): By [12], Theorem 5:Ω → �Λwgp�2

k impliesSfin(Ω,Λwgp). �
The results of this section and one of the main results of [12] illuminate somewh

currently still open Problems 1 and 2 on p. 243 of [10]. For recall from [12] that an
coverU of a spaceX is groupableif there is a partitionU = ⋃

n∈N
Un such that eachUn is

finite, for m �= n we haveUm ∩ Un = ∅, and for eachx ∈ X, for all but finitely manyn we
havex ∈ ⋃

Un. The symbolsOgp andΛgp denote the families of groupable open cove
and groupable large covers ofX, respectively.

Problem 1 of [10] translates to the problem

Problem 1. Is Sfin(Γ,Λwgp) = Sfin(Γ,Ω)?

Problem 2 of [10] translates to the problem:

Problem 2. And if not, doesSfin(Γ,Λgp) imply Sfin(Γ,Ω)?

The selection principle S1(Ω,Λwgp)

We now discuss the stronger selection principleS1(Ω,Λwgp). As before the key
observation that brings techniques developed elsewhere to bear on this selection p
is:

Lemma 4. The following statements are equivalent:

(1) S1(Ω,Λwgp).
(2) S1(Ω,Λ) and each countable large cover is weakly groupable.

Proof. Only (1) ⇒ (2) requires proof. It is evident thatS1(Ω,Λwgp) implies each of
S1(Ω,Λ), andSfin(Ω,Λwgp). Apply (5) of Theorem 2. �

This is used in the proof of the main result of this subsection:

Theorem 5. For a spaceX the following are equivalent:

(1) S1(Ω,Λwgp).
(2) ONE has no winning strategy in the gameG1(Ω,Λwgp).
(3) For eachk, Ω → (Λwgp)2

k .
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Proof. (1) ⇒ (2): Let F be a strategy of ONE in the gameG1(Ω,Λwgp). Then it is also
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a strategy for ONE in the gameG1(Ω,Λ), and thus a strategy for ONE in the gam
G1(Λ,Λ). But X has propertyS1(Ω,Λ). Then by Theorem 17 of [17]X has the property
S1(Λ,Λ). By Theorem 3 of [19],F is not a winning strategy for ONE in the gam
G1(Λ,Λ)—and thus not in the gameG1(Ω,Λ). Consider anyF -play of this game, los
by ONE, say

F(∅), T1, F (T1), T2, F (T1, T2), T3, . . . .

Then {Tn: n ∈ N} is a countable large cover ofX. Again using (1) and Lemma 4 w
see that this large cover ofX is weakly groupable, and thus this play is indeed a pla
G1(Ω,Λwgp) that is lost by ONE.

(2)⇒ (3): This implication follows directly from [12], Theorem 1.
(3)⇒ (1): Theorem 6 of [12] gives this implication.�

Problem 3. Is S1(Ω,Λwgp) stronger thanS1(Ω,Λ)?

Problem 4. Is S1(Ω,Ω) stronger thanS1(Ω,Λwgp)?

Part II: The relative Hurewicz property

In this part of the paper we give a detailed development of what we call the re
Hurewicz property. Some of the work here improves and extends results from [8].

W. Hurewicz introduced the Hurewicz covering property in 1925 in [9]:

Definition 6. For each sequence(Un: n ∈ N) of open covers of a spaceX there is a
sequence(Vn: n ∈ N) of finite sets such that for eachn Vn ⊂ Un, and for eachx ∈ X,
for all but finitely manyn, x ∈ ⋃

Vn.

We shall refer to the property described in Definition 6 as theabsoluteHurewicz property.
The relative version of this property is:

Definition 7 [8]. Let Y be a subset of a spaceX. We say thatY is Hurewicz inX (or
relatively Hurewicz inX) if for each sequence(Un: n ∈ N) of open covers ofX there is a
sequence(Vn: n ∈ N) such that everyVn is a finite subset ofUn and eachy ∈ Y belongs to⋃

Vn for all but finitely manyn.

Neither of these two definitions define a selection property of the formSfin(A,B). But
in [12] it has been shown that for appropriately chosen classesA andB of open covers o
a spaceX the absolute Hurewicz property can be characterized by a selection principle
the formSfin(A,B). Our first task in this part is to also characterize the relative Hure
property in this way.

One of the important tools in executing this task is the following game-theo
characterization of the relative Hurewicz property. WithY a subspace of the spaceX, let
the gameH(Y,X) be as follows: Players ONE and TWO play an inning per positive inte
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In thenth inning ONE first chooses an open coverOn of X, and then TWO responds with

s
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t

a finite subsetTn of On. A play

O1, T1, O2, T2, . . . ,On, Tn, . . .

is won by TWO if for eachy ∈ Y and for all but finitely manyn, we havey ∈ ⋃
Tn.

Theorem 8 [1]. For a subspaceY of a Lindelöf spaceX the following are equivalent:

(1) Y is relative Hurewicz inX.
(2) ONE has no winning strategy in the gameH(Y,X).

Theorem 9. For a Lindelöf spaceX and its subspaceY the following are equivalent:

(1) Y has the Hurewicz property inX;
(2) Sfin(ΛX,Λ

gp

Y ) holds;
(3) Sfin(ΩX,Λ

gp
Y ) holds.

Proof. (1) ⇒ (2): Let (Un: n ∈ N) be a given sequence of large covers ofX. One may
assume that these covers are countable.

Consider the following strategy,σ , of ONE in the gameH(Y,X). The first move by
ONE is σ(∅) = U1. If TWO responds with the finite setT1 ⊂ σ(∅), then ONE plays
σ(T1) = U2 \ T1, still a large cover ofX. Supposen innings have been played and TWO
responses in these were the finite setsT1, . . . , Tn. Then ONEs response isσ(T1, . . . , Tn) =
Un+1 \ (T1 ∪ · · · ∪ Tn). This defines a legitimate strategy for ONE.

Apply the fact thatY is Hurewicz inX: By Theorem 8σ is not a winning strategy fo
ONE. Consider a play

σ(∅), T1, σ (T1), T2, σ (T1, T2), . . .

which is lost by ONE.
Then for eachy ∈ Y , for all but finitely manyn we havey ∈ ⋃

Tn. Also, by the
definition of σ , the finite setsTn are disjoint from each other. But then

⋃
n∈N

Tn is a
groupable large cover ofY .

(2)⇒ (3): This follows directly from the fact that everyω-cover is large.
(3) ⇒ (1): Let (Un: n ∈ N) be a sequence of open covers ofX. We may assume tha

eachUn is countable and does not contain a finite cover ofX.
For eachn, let Vn be the set of finite unions of elements ofUn. Then eachVn is an

ω-cover ofX. Enumerate eachVn bijectively as(V n
k : k ∈ N). Define newω-coversWn in

the following way:

(1) W1 = V1;
(2) Forn > 1,Wn = {V 1

m1
∩ V 2

m2
∩ · · · ∩ V n

mn
: n < m1 < m2 < · · · < mn} \ {∅}.

For each element ofWn choose a representation of the formV 1
m1

∩V 2
m2

∩ · · ·∩V n
mn

with
n < m1 < m2 < · · · < mn.
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Apply Sfin(ΩX,Λ
gp

) to the sequence(Wn: n ∈ N) to find for eachn a finite set
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Y

Gn ⊂Wn such that
⋃

n∈N
Gn is a groupable large cover ofY . Choose for eachn a finite set

Hn such that these are disjoint from each other,
⋃

n∈N
Hn = ⋃

n∈N
Gn, and each elemen

of Y belongs to all but finitely many of the sets
⋃

Hn.
Choosen1 > 1 so large thatHn1 ⊂ ⋃

j>1Gj . Then letZ1 be the set ofV 1
k that appear

as terms in the chosen representations of elements ofHn1. Then choosen2 > n1 so large
that Hn2 ⊂ ⋃

j>2Gj and letZ2 be the set ofV 2
k that appear as terms in the chos

representations of elements ofHn2, and so on. In this way we obtain finite setsZn ⊂ Vn

such that each element ofY belongs to all but finitely many of the sets
⋃

Zn.
Finally, for each elementC of Zn choose finitely many elements ofUn whose union

producesC and letCn denote the finite set of elements ofUn chosen in this way. The
the sequence(Cn: n ∈ N) witnesses the relative Hurewicz property ofY in X for the given
sequence(Un: n ∈ N) of open covers. �

The next two theorems give a characterization of the relative Hurewicz property
finite powers. According to [7] a space is said to be anε-space if eachω-cover contains a
countable subset which still is anω-cover. Arkhangel’skǐi and Pytkeev showed that this
equivalent to having the Lindelöf property in all finite powers.

Theorem 10. For an ε-spaceX and a subspaceY of X: If for eachn ∈ N, Yn is Hurewicz
in Xn thenSfin(ΩX,Ω

gp
Y ) holds.

Proof. Let (Un: n ∈ N) be a sequence ofω-covers ofX. We may assume that each
countable. If for eachn Yn has the Hurewicz property inXn, thenY = ∑

n∈N
Yn has the

Hurewicz property inX = ∑
n∈N

Xn. Then by Theorem 8 ONE has no winning strate
in the gameH(X ,Y). Also, for eachn the setOn = {Um: U ∈ Un, m ∈ N} is a large open
cover ofX .

Consider the strategyσ of ONE defined as follows: In the first inning,σ(∅) = O1. If
TWO responds with the finite setT1 ⊂O1, then ONE playsσ(T1) =O2 \ {V n: n ∈ N and
(∃j)(V j ∈ T1)} Supposing now that during the firstn innings TWO has played the finit
setsT1, . . . , Tn, ONE plays in the next inning the setσ(T1, . . . , Tn) = On+1 \ {V n: n ∈ N

and(∃j)(V j ∈ (T1 ∪ · · · ∪ Tn))}. This definesσ for all legitimate moves in the game.
By Theorem 8,σ is not a winning strategy for ONE. Consider a play

σ(∅), T1, σ (T1), T2, σ (T1, T2), . . .

which is lost by ONE. Then, for eachy ∈ Y , for all but finitely manyn, we havey ∈ ⋃
Tn.

For eachn, defineVn = {V : (∃j)(V j ∈ Tn)}. EachVn is finite. By the definition ofσ we
haveVm ∩ Vn = ∅ wheneverm �= n. Moreover, ifF is a finite subset ofY then for all but
finitely manyn there is aV ∈ Vn such thatF ⊂ V . Finally, for eachn we haveVn ⊂ Un. It
follows that

⋃
n∈N

Vn is a groupableω-cover ofY . �
Let A andB be families of subsets of the infinite setS. ThenCDRsub(A,B) denotes

the statement that for each sequence(An: n ∈ N) of elements ofA there is a sequenc
(Bn: n ∈ N) such that for eachn Bn ⊆ An, for m �= n, Bm ∩ Bn = ∅, and eachBn is a
member ofB. This notation was introduced in [17].
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Lemma 11. Let X be anε-space for whichCDRsub(Ω,Ω) holds. If for a subspaceY

ts

n of

ts

y

of X Sfin(ΩX,Ω
gp

Y ) holds, then for each sequence(Un: n ∈ N) of ω-covers ofX there is a
sequence(Vn: n ∈ N) of finite sets such that

(1) Vm ∩ Vn = ∅ wheneverm �= n;
(2) For eachn, Vn ⊂ Un;
(3) For each finiteF ⊂ Y , for all but finitely manyn there is aV ∈ Vn such thatF ⊂ V .

Proof. Let (Un: n ∈ N) be a sequence ofω-covers ofX. SinceX has the property
CDRsub(Ω,Ω) we may assume that theUn’s are disjoint from each other. SinceX is an
ε-space we may also assume that eachUn is countable. Enumerate eachUn bijectively as
(Un

k : k ∈ N).
For eachn defineVn to be the collection of nonempty sets of the form

U1
m1

∩ · · · ∩ Un
mn

.

Then eachVn is anω-cover ofX. Apply Sfin(ΩX,Ω
gp

Y ) to this sequence to find for eachn

a finite nonempty setV ′
n ⊂ Vn such thatV = ⋃

n∈N
V ′

n is a groupableω-cover ofY .
Select a partitionV = ⋃

k∈N
Wk of V such that eachWk is finite, and for each finite

subsetF of Y , for all but finitely manyk there is aW ∈ Wk such thatF ⊂ W . Putk1 = 1
and letH1 be the set ofU1

i ’s that occur as terms in the chosen representations of elemen
of Wk1. Next choosek2 > k1 so large that for allj � k2 we haveWj disjoint fromV ′

1. Let
H2 consist of all sets of the formU2

i that occur as a term in the chosen representatio
an element ofWk2. Then choosek3 > k2 so large that for allj � k3 we haveWj ∩V ′

2 = ∅,
and letH3 consist of theU3

i ’s that occur as terms in the chosen representations of elemen
of Wk3, and so on.

In this way we obtain a sequence(Hn: n ∈ N) of finite sets as required.�

Theorem 12. Let X be anε-space for whichCDRsub(Ω,Ω) holds. If for a subspaceY of
X Sfin(ΩX,Ω

gp
Y ) holds, then for eachn ∈ N, Yn is Hurewicz inXn.

Proof. Fix n and let(Wk: k ∈ N) be a sequence of large covers ofXn. For eachk let Uk

be the collection of open subsetsV of X such thatV n is a subset of a union of finitel
many elements ofWk. Then eachUk is anω-cover ofX: For let a finite subsetF of X be
given. LetWF,k be a finite subset ofWk which coversFn. SinceFn is compact Wallace’s
theorem implies that there is an open setV ⊂ X such thatFn ⊂ V n ⊂ ⋃

WF,k . Thus,
F ⊂ V andV ∈ Uk.

Apply Sfin(ΩX,Ω
gp
Y ) and Lemma 11 and choose for eachk a finite setVk ⊂ Uk such

that the sequence(Vk)k∈N has the three properties of Lemma 11. For eachk and for each
elementV of Vk choose finitely many elements ofWk which coverV n; letHk be the finite
set of elements ofWk chosen in this way. Then the sequence(Hk: k ∈ N) witnesses for
(Wk: k ∈ N) thatYn is Hurewicz inXn. �
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Part III: The Hurewicz property in metrizable spaces
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In this part we treat for the Hurewicz covering property a topic which is m
extensively studied in [1] and [2] for several selection principles. Like for the Rothb
property, there is a useful way of describing in metrizable spaces those subspaces w
are relatively Hurewicz in the superspace in terms of basis properties of the supe
and in terms of metric measure theory. The analogous work for the Rothberger pr
S1(O,O) and its relative version appears in part in [14] and in part in [18].

In [13] Menger defined the following: Metric space(X,d) has theMenger basis
property if there is for each basisB of (X,d) a sequence(Un: n ∈ N) such that
limn→∞ diamd(Un) = 0, and{Un: n ∈ N} coversX. In [9] Hurewicz showed that th
Menger basis property is equivalent to the Menger covering propertySfin(O,O). When
the spaces in question are metrizable the relative version of the Menger property can
similarly characterized by a relativized Menger basis property.

We show now that also the Hurewicz property and its relative version are charact
by a basis property. LetY be a subset of a metrizable spaceX.

Definition 13. Y has theHurewicz basis propertyin X if for any basisB of metric space
(X,d) there is a sequence(Un: n ∈ N) fromB such that{Un: n ∈ N} is a groupable cove
for Y and limn→∞ diamd(Un) = 0.

Theorem 14. Let (X,d) be a metric space with no isolated points and letY be a subspace
of X. The following statements are equivalent:

(1) Y is relatively Hurewicz inX;
(2) Y has the Hurewicz basis property inX.

Proof. (1) ⇒ (2): Let Y be relatively Hurewicz inX. Let B be a basis ofX and let
Un = {U ∈ B | diamd(U) < 1

n+1}. EachUn is a large open cover ofX. Then for eachn
let Vn ⊆ Un be a finite set such that

⋃
n∈N

Vn is a groupable cover forY . If
⋃

n∈N
Vn =

{Un: n ∈ N}, then limn→∞ diamd(Un) = 0.
(1) ⇐ (2): Let Y have the Hurewicz basis property inX and let (Un: n ∈ N) be a

sequence of open covers ofX. We may assume without loss of generality that whene
an open setV is a subset of an element of aUn, thenV is a member ofUn. For eachn
defineHn = {U1 ∩ · · · ∩Un: (∀i � n)(Ui ∈ Ui )} \ {∅}. Then still eachHn is an open cove
of X, and has the property that whenever an open setV is a subset of a member ofHn then
V ∈Hn.

Let U be the set{U ∪ V | (∃n)(U,V ∈ Hn and diamd (U ∪ V ) > 1
n
)}.

Claim. U is a basis forX.

For letW be an open subset ofX containing a pointx ∈ W . Sincex is not an isolated poin
of X, choosey ∈ W \ {x} andn > 1 with d(x, y) > 1

n
. Then findU,V ∈ Hn with x ∈ U ,

y ∈ V andU ∪ V ⊆ W . This completes the proof of the claim.
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SinceY has the Hurewicz basis property inX select setsWn from the basisU of X such

le,

more

ce

ith

has
y

that limn→∞ diamd(Wn) = 0 and{Wn: n ∈ N} is a groupable cover forY .
Select a sequencem1 < m2 < · · · < mk < · · · such that for eachy ∈ Y , for all but finitely

manyk there is aj with mk � j < mk+1 such thaty ∈ Wj .
For eachn choose the leastkn and setsUn andVn fromUkn such thatWn = Un ∪Vn, and

choosemn maximal with diamd (Wn) < 1
mn

. Thenkn > mn for eachn, and limn→∞ mn =
∞. Hence for each such selectedkn there are only finitely manyWn for which the chosen
representativesUn, Vn are fromUkn and have diamd(Un ∪ Vn) > 1

kn
. Let Vkn be the finite

set of suchUn, Vn. For convenience let us also say thatWn usesUkn .
Now choose�1 < �2 < · · · < �m < · · · andj1 < j2 < · · · < jm < · · · as follows:
Choose�1 > 1 so large that eachWi with i � m1 has a representation of the formU ∪V

usingU ’s andV ’s from the setsVki , ki � �1. Then choosej1 so large that for alli > j1, if
Wi uses aVkn , thenkn > �1.

To define�2, let mk be least larger thenj1, and now choose�2 so large that ifWi with
mk < i < mk+1 uses aUki thenki � �2. Then choosej2 > j1 so large that for alli � j2, if
Wi uses aVkn thenkn > �i .

Continue in this way to alternately choose�m andjm. Observe for eachm that if we
consider the leastmk > �m, then:

(1) if Wi with mk � i < mk+1 uses aVki then�m < ki � �m+1;
(2) if i � jm, then ifWi usesVkn , thenkn > �m.

For eachV ∈ Ukn with kn � �1 choose aU ∈ U1 with V ⊆ U , and letG1 ⊆ U1 be this
finite set.

In general for eachV ∈ Ukn with �p < kn � �p+1 choose aU ∈ Up with V ⊆ U . Let
Gp ⊆ Up be this finite set.

Then we have that for eachy ∈ Y , for all but finitely manyp, y ∈ ⋃
Gp . It follows

thatY is Hurewicz inX. �
In Theorem 14 it is necessary to assume thatX has no isolated points. For examp

supposeX = N and has the discrete topology. LetY be any infinite subset ofX and letB
be the basis{{x}: x ∈ X} of X. Then no sequence fromB is a groupable cover ofY .

In [4] Borel defined a notion nowadays calledstrong measure zero. In light of new
developments in the combinatorics of open covers (see [1] and [2]) it seems
appropriate to call Borel’s propertyBorel strong measure zero: Y is Borel strong measure
zero if there is for each sequence(εn: n ∈ N) of positive real numbers a sequen
(Jn: n ∈ N) of subsets ofY such that eachJn is of diameter< εn, andY is covered
by {Jn: n ∈ N}.

In [18] it was shown that ifY is a subset of aσ -compact metrizable spaceX thenY has
the relative Rothberger property inX if, and only if,Y has Borel strong measure zero w
respect to each metric onX which generates the topology ofX.

In [14] it was shown thatY has the absolute Rothberger property if, and only if, it
Borel strong measure zero with respect to each metric onY which generates the topolog
of Y .
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We now give a similar description in terms of metrization theory of the relative- and

e

ated

ts
e

e

is
we

ist
absolute-Hurewicz properties. First we define:

Definition 15. Metric space(Y, d) is Hurewicz measure zeroif there is for each sequenc
(εn: n ∈ N) of positive real numbers a sequence(Vn: n ∈ N) such that:

(1) for eachn, Vn is a finite set of subsets ofY ;
(2) for eachn, each member ofVn hasd-diameter less thanεn;
(3)

⋃
n∈N

Vn is a groupable cover ofY .

Theorem 16. Let (X,d) be a zero-dimensional separable metric space with no isol
points and letY be a subspace ofX. The following statements are equivalent:

(a) Y has the Hurewicz property inX;
(b) Y has Hurewicz measure zero with respect to every metric onX which givesX the

same topology asd does.

Proof. (a)⇒ (b): Let Y have the relative Hurewicz property inX, let d be any metric on
X and let(ε: n ∈ N) be any sequence of positive real numbers. For eachn ∈ N define
Un = {U ⊆ X | U is an open set ofd-diameter at mostεn}. Then eachUn is a large open
cover ofX. SinceY has the Hurewicz property inX there exist by Theorem 9 finite se
Vn ⊆ Un such that

⋃
n∈N

Vn is a groupable cover ofY . HenceY has Hurewicz measur
zero with respect to every metricd of X which givesX the same topology.

(b) ⇒ (a): Letd be an arbitrary metric onX which givesX the same topology as th
original one. Let(Un: n ∈ N) be a sequence of open covers ofX. SinceX is a separable
zero-dimensional metric space, we can find(U∗

n : n ∈ N) such that for eachn:

(1) U∗
n is clopen disjoint cover ofY refiningUn;

(2) U ∈ U∗
n implies that the diamd (U) � 1

n
;

(3) U∗
n+1 refinesU∗

n .

(To see that this can be done: First replace the coverUn by the cover {U |
U clopen,diamd(U) < 1

n
and∃V ∈ Un,U ⊆ V }. SinceX is separable we can replace th

last cover by a countable subcover{Um: m ∈ N}. Since the sets in this cover are clopen
can make the cover disjoint. Finally obtain (3) by further intersections.)

Now define a metricd∗ onX by d∗(x, y) = 1
n+1 wheren is the least such that there ex

U ∈ U∗
n with x ∈ U andy /∈ U . One can check thatd∗ generates the same topology onX

asd does. ThusY has Hurewicz measure zero with respect tod∗. By settingεn = 1
n+1

for eachn, we find finite setsVn such that diamd∗(U) is less thanεn(= 1
n+1) whenever

U ∈ Vn, and
⋃{Vn: n ∈ N} is groupable cover forY .

Let (Wn: n ∈ N) be a sequence of finite families of open sets such thatWm ∩ Wn = ∅
wheneverm �= n, and

⋃
n∈N

Wn = ⋃
n∈N

Vn, and for eachy ∈ Y , for all but finitely many
n, y ∈ ⋃

Wn.
Choose sequences 1< i1 < i2 < · · · < im < · · · andj0 = 1 < j1 < j2 < · · · < jm < · · ·

such that:
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(1) Each element ofW1 is contained in
⋃

i�i Vi ;

te

h

trictive
ction

e,
he
wing

l
ts
1
(2) For eachi � jk , if U ∈Wi , thenU /∈ ⋃

i�ik
Vi ;

(3) Each element ofWjk is contained in
⋃

ik<i�ik+1
Vi .

Each element ofWjk hasd∗-diameter less thanεik and εik � 1
k+1. Thus, by definition

of d∗, each element ofWjk is a subset of an element ofU∗
k , each of which in turn is a

subset of an element ofUk. For eachk, for each elementW of Wjk choose aU ∈ Uk with
W ⊆ U and letJk be the finite set of such chosenW ’s.

Then, for eachy ∈ Y and for all but finitely manyk we havey ∈ ⋃
Jk . �

Part IV: An example

Let Y be a subspace ofX. With Ω denoting theω-covers ofX andΓY denoting the
γ -covers ofY by sets open inX, we say thatY is a relativeγ -set inX if the selection
hypothesisS1(Ω,ΓY ) holds. This property was studied in [11] where it is shown that:

(1) Everyγ -set is a relativeγ -set in each space of which it is a subspace;
(2) If Y is a relativeγ -set inX andZ ⊂ Y , thenZ is a relativeγ -set inX;
(3) Under the Continuum Hypothesis (CH) there are relativeγ -sets which are not absolu

γ -sets.

We shall now show, using CH, how to obtain a relativeγ -subsetY of the Cantor set suc
thatY does not have the absolute Menger propertySfin(O,O). This in particular will show
that even the most restrictive relative covering property is not related to the least res
absolute covering property. The construction is a small modification of the constru
given in the proof of Theorem 1 of [6], in that we consider onlyω-covers of the superspac
while [6] considers also families that need not beω-covers of the superspace. Using t
notation from [6], first observe that Lemma 1.1 of that paper is also true in the follo
form:

Lemma 17 [6, Lemma 1.1].LetX be an infinite set of positive integers and let(Un: n ∈ N)

be a sequence ofω-covers of2N. Let C be a countable subset of2N. Then there is a
sequence(Un: n ∈ N) and an infinite subsetY of X such that:

(1) For eachn, Un ∈ Un; and
(2) C ∪ Y ∗ ⊆ ⋃

m∈N

⋂
n>m Un.

To construct our relativeγ -set, proceed as follows:
Let (fα : α < ω1) enumerateN

N. Also, let ((Uα
n : n ∈ N): α < ω1) enumerate al

sequences of countableω-covers of 2N. We shall now recursively choose infinite se
Yα, α < ω1 of positive integers such that:

(1) Forα < β we haveYβ \ Yα finite; and
(2) for eachα, the enumeration function Enumα of Yα , eventually dominatesfα .
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To begin, apply Lemma 17 toX = N and(U0
n : n ∈ N) and choose an infinite setY ⊂ N,
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and a sequence(U0
n : n ∈ N) such that for eachn we haveU0

n ∈ U0
n and{U0

n : n ∈ N} is a
γ -cover ofY ∗. Then letY0 be an infinite subset ofY such that Enum0, the enumeration
function ofY0, eventually dominatesf0. Observe thatY ∗

0 ⊆ Y ∗.
Let 0< α < ω1 be given and assume that we have for eachβ < α already selected aYβ

and a sequence(Uβ
n : n ∈ N) such that:

(1) For eachn, U
β
n ∈ Uβ

n ;
(2) {Uβ

n : n ∈ N} is aγ -cover of{Yδ: δ < β} ∪ Y ∗
β ;

(3) For eachδ < β , Yβ ∈ Y ∗
δ ;

(4) For eachδ < α, Enumδ , the enumeration function ofYδ, eventually dominatesfδ .

Choose first an infiniteX such that for eachβ < α we haveX \ Yβ is finite. Then apply
Lemma 17 toX and the countable setC = {Yβ : β < α} and the sequence(Uα

n : n ∈ N) of
ω-covers of 2N to find an infinite setY ⊂ X, and a sequence(Uα

n : n ∈ N) such that for
eachn we haveUα

n ∈ Uα
n , and{Uα

n : n ∈ N} is aγ -cover ofC ∪Y ∗. Then choose an infinit
setYα ⊂ Y such that Enumα , the enumeration function ofYα , eventually dominatesfα .
SinceY ∗

α ⊆ Y ∗, we see that{Uα
n : n ∈ N} is aγ -cover of{Yβ : β < α} ∪ Y ∗

α .
Thus, we can recursively chooseYα and(Uα

n : n ∈ N), α < ω1, so that the four recursiv
conditions are met at eachα.

Finally putY = {Yα: α < ω1}. ThenY is the required relativeγ -set in 2N. We must see
thatY does not have the Menger propertySfin(O,O). To see this, note that the functio
F :Y → N

N defined byF(Yα) = Enumα is continuous. Moreover, by constructionF [Y]
is a dominating family inN

N. By a theorem of Hurewicz,Y does not have the Meng
property. �
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