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1 Link to Back Issues of the Diary

Click here for the previous diary entries.

2 3/14/07 - Wednesday - Day 33

1 Beginnings of Laplace Transforms.

2 If f is a function, then L (f) , given by

L= [ fyeat,
0
is the celebrated Laplace Transform of f.

1
3 L(1)=—fors>D0.
s

4 L(eM) =

1
for s > A.
p—Y or

3 3/16/07 - Friday - Day 34 - Test #2

1 Test #2: click herel for a large-file answer key.


http://math.boisestate.edu/~kerr/333sp07/PDF333/Diary_2.pdf
http://math.boisestate.edu/~kerr/333sp07/PDF333/t2_333_316_Key.pdf
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4 3/19/07 - Monday - Day 35
1 L’Hopital’s-Rule and Integration-by-Parts Review: for positiive-integer n,
c(y =" @)
s

and so |

Sn—}—l

L") =

2 Boring but necessary: the linearity:

L(af +Bg) = aL(f)+BL(9)

This lets us get stuff like:

e o+ 5e-) e 1) 2 (%) =3 (§) 5 (5 )

85

3 By parts again:
L (f') (s) = sL(f) (s) — £(0),
provided L (f’) exists and tli)m e ' f(t) = 0.

4 Lookahead: we’ll solve the initial-value problem
’ _ 8t . _
y +4y=e with  y(0) =7

using Laplace transforms and partial fractions.
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5 Laplace Transforms Particular Functions

Last Update: Tue Apr 17 09:39:06 MDT 2007

This table is stuff you need to have on board your gray matter for the rest of the semester.
Rote memorization would not be a bad reaction to this, though the derivations of the
various formulas are fairly straightforward.

£®) Fs) = L(f) ()= [ fltyeat
0
1
1 —its >0
s
!
tm if s > 0 and m is a positive integer
Sn+1
e if s > a
s—a

s

cos((t) pEpyCT
sin(3t) s

s2 + /62
s

cosh(3t) e
sinh(3t) p

52 — 32

e—sA
Step(t, A)

s

o(t—A) e*4
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6 General Laplace-Transform Identities

Last Update: Sun Apr 8 15:41:22 MDT 2007

This table is stuff you need to have on board your gray matter for the rest of the semester.
Rote memorization would not be a bad reaction to this, though the derivations of the
various identities are fairly straightforward.

L(af + Bg) = aL(f)+ BL(9)

L(f) (s) =sL(f) (s) — f(0)

L(ef(t)(s) = L(f) (s — A)

L (Step(t, A)f(t)) = e 2L (f(t + A))

e AL (f(t)) (s) = L (Step(t, A) f(t — A)) (s)

LL(7®) = £(-0)7(1)

L) L(g) =L(fOg), where (f @ g)(t) = / F()g(t — 7) dr




MATH 333 001 — Diary_3 — Spring 2007

7 3/20/07 - Tuesday - Day 36

1 Involving simple partial-fractions review:

y' +4y =€  with y(0)=7

Y(s) = 7+1{1 1}
S_s—|—4 12 ls—8 12

transforms into

so that 33 1
§) = St 4 T 8t
y(®) 12 . 12

2 L (cos(Bt)) and L (sin(Bt)) via Euler’s formula.
3 L (eAtf(t)) (s) = L(f) (s — A) and its effects:
(i) eAt?
. 1
W s+ 10
(iii) e3* cos(2t)

- s+8 —st
(iv) (5182173 =L (e cos(t\/ﬁ))

4 The initial-value problem

y” + 8y’ + 15y = 64e™® with y(0)=1 and 9'(0) = —8

transforms to
S 64

(513)(s15) | (s 13)2(s 1 5)

Y(s) =
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8 3/21/07 - Wednesday - Day 37

1 We continued the example from Tuesday. We expanded the two summands in the Y'(s)
formula using partial fractions:

1[ 5 3 } {—16 32 16

Y(s) = - —
(5) 2|s4+5 s4+3 s—|—3+(s—|—3)2+s—|—5

so that 1
y(t) = [5e™°" — 3e7%] 4+ [—16e%" + 32te %" + 16€™]

or
37 35
y(t) = ?B_St — ?e_3t + 32t€_3t

2 The Laplace transform and the Step function:

e—sA

(a) L (Step(t, A)) =

(b) L (Step(t, A)f(t)) = e L (f(t + A))

(c) Let f(t) = g(t— A), then f(t+ A) = g(t) and in the just previous formula, we
have
L (Step(t, A)g(t — A)) = e™*2L (g(1))

(d) An example of inverse transforming involving this last formula:

) - el o)
ot (2o () 2emn (1)
_ r (Step(t, 27) [2 cos (%) + 24sin <t —827T)D
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9 3/23/07 - Friday - Day 38

1

2

A side trip on %E (f@®) =L (=) f(t)

s? — 32
So L (tcos(Bt)) = (2t
o b PED) 1 _, sin(t) — t cos(t)
nd by , m - ( 2 )

We began with a Laplace-transform treatment of this problem (2/7/07):

A tank initially holds 300 gallons of a solution which is 50% alcohol by volume.
Throughout the problem, the inflow and outflow rates are identical: 3 gallons
per minute. For the first ten minutes, the inflow is a 20% solution, but
thereafter, the inflow is a 75% solution.

Find a formula for the amount of solution in the tank in terms of £ (minutes).

We translated this story into the initial-value problem

y' + iy = i[20 + 55Step(t,10)]  with  y(0) = 150.
100 100 ’

Taking Laplace transforms on both sides:

Y —(0) + 1,_3 {20+ _10555}
sY — —Y=—|—+e —
Y 100 100 | s 5

from which we got

150 3 { 20 TR }
= e
s+1/100 ' 100 |s(s + 1/100) s(s + 1/100)

Lookahead: transform back to y(t).
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10 4/2/07 - Monday - Day 39

1

The homework problem of finding L (f) , where f(t) = te*Step(t, 1), using the
general identities. corrected Fri Apr 6 13:56:11 MDT 2007

The 3/23/07 initial-value problem solution:

60 + 90e—t/100 ifo<t<10

y(t) =
225 + (90 — 165¢'/10) /100 if ¢ > 10

The power-series coefficients of the product of two power series is given by the convolu-
tion of the coefficient sequences of the respective factors.

Lookahead: the function whose Laplace transform is the product of two transforms is
related how to the functions yielding the factors?
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11 4/3/07 - Tuesday - Day 40

1

2

Put convolution on hold. I shouldn’t have started it up on Monday.
What is meant, graphically and algebraically, by the following?
T > 0 is a period of function f.

If T > 0is a period of function f, then

oo

L(f)(s) = (/()Tf(t)e_“ dt) 2 (e)"

We ran up against the MATH-175 facts:

1 o0 1 (e )

k k .k

:E r and :E —1)%p
1—7r —o 1+7r k:O( )

We took on a slight generalization of Example 5.3.2: let 0 < a < T, then

]_ _ p,—sa °©
L (SqWave(t, T, a)) = -—e Z (e—sT)k

k=0

If we let @ = T'/2 as in Example 5.3.2, then

L (SqWave(t, T,T/2)) = é Z (_1)k(e—sT/2)k

k=0

Lookahead: an initial-value problem involving some sort of jagged periodic function.
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12 4/4/07 - Wednesday - Day 41

1 Today we considered the story:

A 2000—gallon tank contains only pure water at 8 AM. Solution flows in at
40 gal/hr and out at 40 gal/hr.

For twelve hours, from 8 AM until 8 PM, the inflow is 90% alcohol. Then,
from 8 PM until 8 AM, the inflow is pure water. From 8 AM, the cycle repeats
itself.

Find a formula for the amount of alcohol (gallons) in the tank as a function
of time (hours since the first 8 AM).

We found the alcohol inflow rate to be given by
40 - 0.9 - SqWave(t, 24,12),
so that the story translates into the initial-value problem
1
y'(t) + %y(t) = 36 SqWave(t,24,12) with  y(0) = 0.

Taking Laplace transforms:

Y()+1Y()—36 1— e 128
T e P
o ( n 1 ) Y( ) 36 1
s+ — )= —+ —
50 s 14 e 12s
whence
36 1 36 >
Y(S) = . — . Z (_1)ke—12sk .
s(s+1/50) 1+e 12  s(s+1/50) \;=
Now 1
s
- =50 —————— ) =50L(1—e %,
s(s + 1/50) < s—|—1/50) (1 =)
Thus

Y(s) = 36-50- Z (_1)ke—12ks C (1 _ e_t/5°)

k=0

— 1800 i (—1)*L (Step(t, 12k) [1 — exp(—(t — 12k)/50) )

k=0

10
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so that

y(t) = 1800 Z (—1)* Step(t, 12k) (1 _ e—t/506(6/25)k).
k=0

For the first 12 hours, we have a learning curve:
y(t) = 1800(1 - e_t/50>.
For the second 12 hours, we have an exponential-decay curve:

y(t) = 1800 <e6/25 - 1)e_t/50.



MATH 333 001 — Diary_3 — Spring 2007 12

13 Assignment #13 Grading Notes

Last Update: Thu Apr 5 10:35:42 MDT 2007

I e™AL(f) = £ ( Step(t, A) F(t—4) )
2 Clickherel for a partial-fractions summary. And note especially A repeated first-degree factor in the der
3 If your Y'(s) has a part like this:

e 454+ 7s
(s —5)(s+ 8)’

G(s) =

you may think of doing a partial-fractions decomposition. But you need to keep the
e~** out of the PFD process. So you want to do something like this:

as 1 7s
50 =< (e7m) * GomeTe

From here, you can subcontract out PFDs for

60 = mers "1 s rvs) "4 (HE )

(with the e™** sidelined) and for

7s 1/ 35 56 1
G = = — = L — (35€% + 56e78) ).
2(s) (s—5)(s+8) 13 <3—5+s—|—8> (13( e’ +o0e ))

Putting these subcontracts back into the whole enchilada:

G(s) = e *Gi(s) + G2a(s)

1 1
= L (Step(t, 4)1_3 (es(t—4) _ e—S(t—4))) +C <1_3 (35¢% + 566_8t)> )


http://en.wikipedia.org/wiki/Partial_fraction
http://en.wikipedia.org/wiki/Partial_fraction#A_repeated_first-degree_factor_in_the_denominator
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14 4/6/07 - Friday - Day 42

1 A detailed workthrough of the homework problem:

y”" —2y' +y = Step(t,1) with y(0)=1 and y'(0)=0

2 Refer to page 323 of the text: we went throught a derivation of the convolution-
product formula from the point of view that the convolution of f and g is the function
that fills the blank:

L(f)L(g) =L(—-)-
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15 4/9/07 - Monday - Day 43

1 We went through some of the section-4.4 stuff on resistance, inductance, and capacitance
in electric circuits.

2 Derivation of two second-order linear differential equations for a simple LRC circuit:
one for charge Q(t) and one for current I(t).

3 We looked at a Laplace-transform solution of the y(t) = I(t) initial-value problem in
Example 4.4.1. This split the solution formula of the initial value problem L(y) = f
with y(0) = yo and y’(0) = wvo into the sum of the solutions of the initial-value
problems

(i) L(y) = 0 with y(0) = yo and y'(0) = wvo
(i) L(y) = f with y(0) = 0 and y’(0) =0
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16 4/10/07 - Tuesday - Day 44

1 After finishing up Monday’s agenda, we scratched the surface for Dirac’s Delta “Func-
tion”, which was hatched by physicists studying quantum mechanics in order to realize
sharp blows to the system.

2 L(6(t—A) =e%4
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17 4/11/07 - Wednesday - Day 45

1 Continuing from Tuesday, the initial-value problem
y' —4y' +4y=36(t —1)+d(t—2) with y(0)=1 and ¢'(0)=1
has solution

y(t) = (1 — t)e? + 3 Step(t, 1)(t — 1)e2tY 4+ Step(t, 2)(t — 2)e2(t—2

2 We began (and continued into Friday) looking at the (two-compartment) two-tank ex-
ample which was intended to motivate our matrix-algebra work:

One-hundred-gallon Tank X initially is full of a 90% alcohol solution. Also:
(i) a 20 gal/min pure-water input

(ii) a 20 gal/min solution input from Tank Y

(iii) a 20 gal/min solution output to Tank Y

(iv) a 20 gal/min solution dump into the outside world.

(v) «(t) gallons of alcohol in Tank X ¢ minutes after start.
Two-hundred-gallon Tank Y initially is full of a 40% alcohol solution. Also:
(i) a 20 gal/min pure-water input

(ii) a 20 gal/min solution input from Tank X

(iii) a 20 gal/min solution output to Tank X

(iv) a 20 gal/min solution dump into the outside world.

(v) wy(t) gallons of alcohol in Tank Y ¢ minutes after start.

From this story we derived the first-order linear system

) 2 1
r = ——xr+ —
57" 107
) 11
= —xT— —v.
Yy 2 gV

A solution of this system can be thought of as parametric equations for the path of a
bug crawling about in the xy-plane: his position vector is 7(t), given by

=3 |

while his velocity vector, U(t) is given by

F(t) = 7 (t) = [ Zgg } .
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18 4/13/07 - Friday - Day 46

1 Continuing with Wednesday’s two-tank bug, we set about to draw a rough direction
field for the system.
Using the regions for ' = 0, y’ = 0, 2’ > 0, ¢y’ > 0, ' < 0, and ¢y’ < 0. and
arrived at something like this:

"?2 7r+%—og =0
*"z0
of
Q
4 S
x'= ~Zax +k
- v
J=tx-34 :
\ -/
;S
v
\ \ / Z ,LO 47/;0

Tevo—Tank
d4f/n-13 / o7

The dashed lines are to suggest solutions which are straight lines through the origin.
It’s these lines that we are after via matrix theory.
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2 We also started solving systems of many equations in many unknowns via the Gauss
Elimination Method.

19 4/16/07 - Monday - Day 47

1 Spent the class time looking at solving the assignment-#14 problems.
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20 4/17/07 - Tuesday - Day 48

1 We began class with an RREF sales pitch and a list of the Three Elementary Opera-
tions. We should look upon solving systems by the Gauss Elimination Method (GEM)

as a process of using the elementary operations to reduce the augemented matrix to
RREF.

From there the nature of the solution set for the system is quite clear. Especially in the
many-solutions case, where one is expected to write a vector solution formula as in the
cross-product example below.

2 Matrifying a system of linear equations in terms of a matrix-vector product.

3 Rotation through 6 in the xy-plane via matrix multiplication brought in from the
addtition formulas for cos(a + €) and sin(a + 0).

4 The linearity of matrix-vector multiplication:
A(aZ + BY) = c AT + BAY

As an application of this, we solved

2 5
3| X¥=1|6
-1 8

by reducing it to the augmented matrix

0 -1 —-3|5
1 0 —2|6
3 2 0|8

We found the solution

We checked by showing

0 -1 -3 6 5 0 -1 -3 2 0
1 0 —2 -5 | =16 and 1 0 —2 -3 | =10
3 2 0 0 8 3 2 0 1 0
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5 The above example shows an analogy with the solutions of a 20LDE:

6
(a) the vector | —5 | acts like a yq — it is a solution of the “driven” system
0
0 —1 -3 x 5
1 0 -2||yl|=1]6],
3 2 0 z 8
(b)
2
(c) the vector t | —3 | acts like a yp — it is a solution of the “undriven” system
1
0 —1 -3 x 0
1 0 -2||yl|l=]0],
3 2 0 z 0

21 Link to Back Issues of the Diary

Click here for the previous diary entries.


http://math.boisestate.edu/~kerr/333sp07/PDF333/Diary_2.pdf
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