Solutions Homework Assignment 6, MATH 515, Spring 09

Problem 14) Let B’ be a Hamel basis of E. Because B’ is not finite we can
choose a sequence of basis elements {v;} in B’. Then we can change B’ to a
Hamel basis B by replacing v; by 5. Note that v; # 0 because B is linearly
independent. (Otherwise 1-v; = 0 - v; would be two different representations
of the O-vector in E.). Now define A : E — R (respectively C) by A(v;) = @
and A(v) = 0 for v € B\ {v;}. Note that this defines a unique linear map
A i E — R because each € E has a unique representation = » 4 .. cyb
with b € B so that A(3>_ cpb) = > cpA(b). (If A is defined in this way it is linear
because if y = > dpb, where we can assume the representation is given with
the same finite number of elements b from the Hamel basis as for x because we
can set ¢ respectively dj equal to 0 for the corresponding basis elements if not.
Then Az +y) = > (cp + dp)A(D) = >_cpA(b) + . dpA(b) = A(z) + A(y). Also
Mex) = MO eepb) = d-eapA(d) = ¢>” epA(b) = cA(z) for all scalars c.) Note
that

sup [A(b)| = oo
S(E)

because there is the sequence v; in S(F) with |A(i) =i — oo for i — oco.

Problem 15) Given A we know that

Al = sup |A(z)
z€S(E)

)

and so if |[A\| =1 we know that we can find for each & > 0 some z. € S(F) such
that |A(ze)] > 1 —e. But 2. € S(E) <= |z.| = 1. Now for each £ > 0 we have
IMze)| = Mze)e?® where 6 can depend on . Then A\(z.e¥) = e \(z.) = [A(z.)]
and |z.e¢”| = |z.|] = 1. (In the real case it suffices to replace z. by —x. if
A ze) < 0.) For the counter example consider £ = ¢; and define A : £ — R
by A(z) = Y2, 2i(1 — 1) for @ = {z;} € ¢;. This is well-defined because
Sorcy | |1=3] < 302 |zi| < oo forall z € E, and absolute convergence implies
convergence of a series of complex numbers. Moreover, A is linear because
Mrty) =375 (@ity) (1= 1) = 25, 2i(l- 1)+ 55 vi(1—3) = Ma) +Ay),
and A(cz) = Y2 (cxi)(1—3) =X (1 - 1) = zA(2), for c€ Cand z,y €
E. Now, by the estimate above, A is bounded and [A| = sup,cg(g) [\ (2)| = 1
because for the sequence e¢; € S(E) C E defined by e; := {e;;} defined by
eij =0if i # j and e;; = 1 we have A(e;) = (1 — 1) — 1 for i — co. Moreover,
if « € S(E) then there exists a smallest index j such that z; # 0. Then
M) =2j(1 = §) + Zisy2i(1 = §) and thus [M@)] < |2i|(1 = §) + X oy <
ooy |zil = |z| = 1. (The reference to {o comes from the fact that the above
functional is a special case (with y = {1 — 1}) of the pairing

U Xl — C

defined by (z,y) — > 2, x;y;, which is well-defined because > i |z;y;| <
|£]1]y]oo- This bilinear pairing induces isometric linear maps ¢1 — ¢, and £, —



£y, The first induces an isometry between ¢; and c¢f,, where ¢, is the subspace
of null-sequences in ¢, while the second one is an isometric isomorphism. It is
also known that ¢/ is not isometric with ¢;.)

Problem 16) (a) If F' is a finite dimensional subspace of a normed vector space
and {z,} is a sequence in F', which converges to a limit in F then it is a Cauchy
sequence in F'. Because F' (with any norm) is complete this Cauchy sequence
converges to a limit in F'. Thus F' is closed.

(b) Let K = R respectively C depending on whether we consider real or complex
spaces. Note that F', being a finite dimensional vector space, is isomorphic to
_____ n. Consider the identity map I : FF — F.
The basis defines continuous functionals A; : F — K by )\Z-(Z?Zl civ;) = ¢; for
i=1,...,n. (The continuity is for example obvious with the supremum norm
but does not depend on the choice of norm in the finite dimensional setting.)
Now extend each A; by the Hahn-Banach theorem to continuous functionals
A; : E — K and consider the continuous linear map P : E — F' defined by
Pw) = > Aj(v)v;. Claim: G :=ker(P) = {v € E : P(v) = 0} is a closed
subspace of F such that E = F+G and FNG = {0}. Proof. ker(P) is obviously
a subspace, which is closed because ker(P) = P~1({0}) and {0} C F is a closed
subset. For each v € E, v—P(v) € G because P(v—P(v)) = P(v)—P(P(v)) =0
because P(v) € F and P|F = I and thus P(P(v)) = P(v). Thus v — P9v) =
w € G and v = P(v) +w. This shows E = F + G. Moreover, if v € F NG then
P(v) = v and P(v) =0 and thus v = 0. This shows ' NG = {0}.



