Available online at www.sciencedirect.com -
sc.E..cE@.,.nEcT@ JOURNAL OF

Algebra

R

ELSEVIER Journal of Algebra 269 (2003) 632-651 —_—
www.elsevier.com/locate/jalgebra

Building resolutions

Dessislava H. Kochloukove! and Jens Harlandér

8 UNICAMP-IMECC, Cx.P. 6065, 13083-970 Campinas, SP, Brazil
b Mathematics Institute, University of Frankfurt Robert-Mayer Strasse 6-8, 6000 Frankfurt, Germany

Received 24 June 2002
Communicated by Jan Saxl

Abstract

We consider how a resolution of an abelian gradpover Z could be lifted to a free resolution
of the trivial moduleR over R[M], whereR is the field of the rationals. The extended resolution is
defined in terms of the exterior and divided powers algebras. Furthermore if the resolufibisof
in fact a free resolution oveZ[G] for some groups then the extended resolution will provide a free
resolution of the augmentation ideal Bf M ] over R[M x G]. Furthermore ifR is a subring of the
rationals containin@. and allj < i are invertible inR then the extended complex can be defined up
to dimension(i + 1) and is exact up to dimensian
0 2003 Elsevier Inc. All rights reserved.

1. Introduction

The main purpose of this paper is to show how a resolution of a madute/er an
integral group algebrd[G] could be lifted to a resolutio@ of the trivial moduleR over
R[M] that is endowed withG-action, wherer is the ring of the rational numbef3. In
fact all terms of the lifted resolution except the zero term will be ®¢#/ x G]-modules.

If we want to construct only the firgi + 1)-terms of a ‘lifted’ resolution it is sufficient
to require thatr is a subring ofQ that contain& and every I j < is invertible inR.
Thus the lifted resolution will be exact up to dimension

The idea of lifting a resolution oM was suggested in [3], where the caGdinitely

generated abelialR = Z is considered. There a topological approach is used to show that

* Corresponding author.
E-mail addressesdesi@ime.unicamp.br (D.H. Kochloukova), harl@math.uni-frankfurt.de (J. Harlander).
1 Partially supported by CNPq, Brazil.

0021-8693/$ — see front mattéi 2003 Elsevier Inc. All rights reserved.
doi:10.1016/S0021-8693(03)00401-0



D.H. Kochloukova, J. Harlander / Journal of Algebra 269 (2003) 632—651 633

in small dimensions the complex given by Theorem A is exact. This turns out to be helpful
in a low dimensional case of tHeP,,-Conjecture for metabelian groups [2].

Our interest in lifting resolutions was originally motivated by attempts to extend the
results from [3] to higher dimensional cases. Still we believe that the construction of lifted
resolutions deserves its own attention, separately fronfEhe Conjecture. The complex
Q can be viewed as a generalisation of the com@}é¥) considered in [9].

The main results of this paper, Corollaries 1 and 2, will be formulated in Section 2 and
proved in Section 4. The proof of Theorem 1 is based on spectral sequence arguments. In
Section 6 we restrict to the caée= 1 and work with coefficient&. This will give a new
approach to a non-functorial description of the homology of abelian groups. More about
the homology of abelian groups can be found in [7, Theorem C], [1,4,6].

2. Preliminaries
2.1. Divided powers

In this section we consider a free abelian gréuf hroughoutthe paper if not otherwise
stated all tensor and exterior powers are over the ring of intégeBy definition the
ith divided powerS' (V) of V is {» € 'V | o(1) = A forall o € S;}, note in general
it is not isomorphic to theth symmetric power ofV. The divided powers algebra
rw)= @,;o Si(v) is equipped with symmetric multiplicatioa that is defined on the
whole tensor algebra(v) = @i>0(®" V) by

(M® - Qup) * (V41 ® -+ @ Ugts) = Z V(1) @+ @ Vo (k+s)-
(k,s)-shuffleo

A (k,s)-shufflec is an element of the symmetric grodp; such thato (1) < o (2) <
o< ok),otk+1) <---<o(k+s). I'(V) satisfies the axioms of a divided powers
algebra with only even degrees: it is a commutative grédiadigebra where the elements
of $/(V) have degree;j for some fixed even numberand such that for every of degree

i there is an element® of degreeki and

, . k+j)!
x©@ =1, x W =x, x® s xU) = (k, j)x(k+]) where(k, j) = : k—:_'{) :
!

’

x+0® = Z x@D %y (Leibniz formula);
i+i=k

(N =G = D@jj =D (k= Djj — D@

(k)P =xk5y®  fory£1.
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By [1, Expose 8, Proposition 4]7 (V) (denotedS(V) there) is a divided powers algebra
with

P =—yx® . ..@x forxeV.
————

k times

2.2. Koszul complexes and homology groups

SupposeB is a free abelian group with a linearly ordered basisConsider the exact
Koszul complex

...—>Z[BI®AN'B—Z[Bl® AN"B— ... > Z[B]® B— Z[B] > Z — 0
with differential

I(XLA - AXj) = Z (—1)/'*1(xj—1)®(x1Am/\£j/\mAx,-)
1<j<i

for x1 < --- < x; in X. This complex can be viewed as free resolution dZeB] of the
trivial moduleZ and we use it to calculate the homologi#s B, 7). The isomorphism

H;(B,7)~ A'B = A\' H1(B, Z)

given by the Koszul resolution is natural (see [5, Chapter 5, Theorem 6.4i]) and the product
in H.(B,Z) induced by the exterior product in the Koszul resolution coincides with the
Pontryagin product (see [5, Chapter 5.5]).

3. Definition of thelifted complex
Let M be an abelian group, i.€Z-module. We assume now that
; di_
o= ZA; i>Z.Ai71—l>'~£>Z.A]_£>M—>O

is a resolution of\f overZ, whereZA; is the freeZ-module with basis4;. We aim to
define a complex

Q> 0n—>0n1—>-—>00=RM]—-R—0

over R[M] and a filtration{ 0’} ;1 of subcomplexes 0@, i.e.,

Q(l) c...c oV c Q(j+l) C.-.., Q= U QW

izl
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First we define the underlying module structure@f’. If j is odd

W= D (RIMI® AN ZA) ® S2(ZA) ® AR(ZA) ® - ® NI (ZA)).

Zté/ t.ir=m; 1[20

If j >2iseven

9 = P (RIMI® ANHZAD) ® S2(ZA2) @ AN3(ZA3) ® -+ ® ST (ZA))).

Z;g_,‘ tir=m,i; >0

Note that in the definition on,ﬂ{) the exterior and divided powers alternate and the
elements ofSi (ZAx) and A'2-1(ZAx_1) have degreesy2k and i _1(2k — 1),
respectively. Furthermor@ is equipped with a strictly anticommutative product whose
restriction on the exterior powers is the wedge product and the restriction on the divided
powers is the symmetric produet More precisely forj odd and

fOMOMR---®A;

€ RIM]1® ANV (ZA1) ® S2(ZA2) @ ANB(ZA3) ® - - ® AU (ZA;),
EOUIOU2Q - Q

€ RIM1® AN (Z A1) ® S¥2(ZA2) @ AR(ZA3) @ --- @ "M (ZA;),

we define
(fOMBIE® - QAj)(EOUIOU2® - Q 1j)
=(fOED @AM AU) @ A2*u2) ® - ® (hj A uj),

whereg = Zl<t<r<(j+l)/2k2f—1i2r—1' As the elements of the divided powers are central
for Aj+1 € §if+1(ZAj+1), Mj+1 € Skj+1 (Z.Ajurl) we have

(fOMB2® - ®rj+11)ERUIOU2® -+ @ Lj+1)
=(f®MOAQ - ®L)EOULOU2® - @ 1)) ® (Aj41 % iLjt1)
=(f) D) @UARD) @ A2 u2) ®--- @ (hj Apj) ® (hjt1* j+1)-

The multiplicative structure o) induces a multiplicative structure @d.

We want to construct the differential of the compt@x= | J; / inductively onj such
thatforiy € Qm,, A2 € O,

d(A1.22) = d(h1). A2 + (=1)9I*D 25 9(02), 1)
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where de@\1) = m1 is the degree ofi;. A complex satisfying (1) is called DG
(differential graded) ring. First we define the differential@f® by

darA--na)= Y (D" Hdua) =) ®@ar A Adx A A
1<k<i

fora; < --- < a; € Ay for some fixed linear ordet in A;. Note that by construction for
ji=1

G+YH _ 69mlJr(]‘Jrl).nzZ:m '(7{1) ® /\mZ(Z‘AH‘l) if j+1isodd
m = i ~ e . .
By (1 momm Uit @ S"2(ZAj41) if j+Lis even

In addition to (1) we want the differential @ to have the following properties
0(ZA;j41) € 0 NKerd,  dlza,,, =dj41 modulod Q). 2)

We note that the way we construct the differential by induction d@ns not unique but the
induced differential or@U+1 / Q) is unique. Secondly the existence of a differential with
property (2) should be justified. To do so we assume we have constructed the differential
with the above properties on a@,(’) for t <m — 1, where(m — 1)! is invertible in R.
Furthermore we assume thatis sufficiently small,j < m — 1. The following theorem
calculates the homologies /) up to dimensiom: — 1. As a corollary of Theorem 1 we
obtain

Hj(Q(j)) ~Kerd;j ® R~Imd; 1 ®R.

Then using (2) to extend the differential fro@(/) to QU+D we need to define only the
differential onZ.4;,1. We do it in such a way that the composition

ZAj+1> QY nKerd — H;(QY)
is the map
djt1:ZAj41—Imdjy1 €Imd;j 1@ R~ H;(QY)).
Theorem 1. Let j, m be fixed positive integers for which the differential@f’ is defined,
satisfie{1l)and(2)andj < m — 1. Suppose further thak is a subring ofQ containing the

integersZ such that every elemeht< i < m — lisinvertible inR. Thenfor0<r<m—-1
we have

(1) If j is odd,

AT(Kerd)®R. teZ O<i<m-1

H(0W) =
) 0, r=00rt ¢z, t<m-1
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(2) If j > 2is even,

~

13
j t
H/(QV) = Si(Kerdj)® R, %€Z, 0<t<m—1,
0, t=00rs¢Z t<m-1
The multiplicative structure o) induces a multiplicative structure on the homologies

of Q) that coincides with the exteridresp. symmetricproduct in the exterior algebra
of Kerd; (resp. in the divided powers algebraléérd;) for j odd(resp.; ever).

Theorem 1 is the principal result in this paper together with the following two
corollaries. The proof of Theorem 1 is rather long and is completed in Section 5 after
developing some preliminary results in Section 4.

Corollary 1. Supposer is a subring ofQ containing the integer& and such that every
elementl < i < m — 1 is invertible in R then Q" is well-defined and is exact in all
dimensiong <m — 1.

Proof. Note that the remarks before the statement of Theorem 1 show tiwat-if1)! is

invertible in R we can construcQE{:rll) once we have construct@,(j ) with properties

(1) and (2) forj, t < m — 1. With other words we can constru@™ and by Theorem 1
Hy(QM)=0fors<m—1. O

Coroallary 2. If R is the ring of the rationals then the compléxis well-defined and is
exact.

Proof. Note thatQ = J; Q' and hence
Hy(Q) =lim H, (QY).
By Theorem 1 H,(Q)) =0 for j > n, henceH,(Q)=0. O
Finally we note that ifM is a module ovefZ[G] we can takeA; to be freeG-sets.
The differential of the lifted comple® commutes with the action a, whereG acts on
exterior, divided and tensor products diagonally andp# ] via its action onM.
4. Some exact sequencesinvolving exterior and divided powers

The main result of this section is Proposition 2. We start with some definitions. Suppose
V is a free abelian group, we set f0r j) € Z»g x Zxo \ (0, 0)

Mij=(AV)® (S/(V))

and define &-linear mapy; ;1 M; ; — M;41 j—1fori >0, j > 1 by
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Oij (VLA Av) @ (W% w)))

= Z (WIA AV AW) @ (Wi %ty %k wj).
NS

Fix a linear well ordered basig© of V overZ and defineMi? to be the set

{)L(wl*uo*wj)(vl/\o~o/\v,-)®(wl*'u*wj)

|where allvg, w, e VO andvy < -+ < v, w1 <--- < wj},

wherex(wy * -+ w;) = oy is the number of the elements fby, ..., w;}

1
l—IUEV(o) !’ ~.
equal tov. Note thath (wy * - - -« wj)wy *---xw; € S7(V). We writeA(w )v ® w for the

elementi(wq * - - % WHWLA - AV) Q@ (W -+ % wj) from Mﬁ(;)_
Lemma 1. Ml.(’cj).) is a basis ofM; ; overZ.

Proof. It is sufficient to show thaM(O) is a basis oM ; = S/(V) Foruu®---®vj e

®/'V deflneS(v1® -®u;) asthe symmetnsaﬂon ®---®v;,ie,S® --®vj) =
Y ® - ® v]) where the sum is over representatives of the left coset classes
S; /Stabg (v1 ®---®v;). Note thatSf(V) is spanned over. by

={S1® - ®vj)v1.....v; € VO, v <va <o <o

andS(w1 ® --- ® vj) = A(vy *--- * vj)vy * - - - x v;. Finally, we show that there is not a
non-trivial Z-linear dependence between the element® dbuppose that

Zzﬂk(g)wl*---*wjzo,

where the sum is over at; € V(@ such thatwy < wy < --- < w; andz,, € Z. Note that if
all w; € VO andwy <wz < --- < wj the elemeniv; ® - - - ® w; appears in the left hand
side of the above equation only in the summapad(w )wy * - -- * wj, hencez, =0. O

(0)

Now we order the elements a4, in the following way:

)\(wl*---*wj)(wl*---*wj)<A(w’1*---*w;)(w'l*--->kw;)

if and only if there exists a permutatiene S; such thatw, ) < w; forall 1 <i < j and
for at least one the inequality is strict. An element(w )v ® w of Ml.(’tj’.), wherei > 1,
> 1, is said to be good if1 > w1 andM“""’" is defined to be th&-submodule ofV; ;

spanned by the good elementsM)( ). We continue with two easy lemmas. We omit the
index of& when it is clear from the context what it is.
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Lemma 2.

(i) Fori>1,j>1we haved(M;_1 1) + M%) = M; j;
(i) Foralli >1the mapd:M;_11— M;o is surjective and the map: Mo ; — M1,;—1
is injective.

Proof. (i) We show that every element w)v ® w in Ml.(’cj).) can be written as a sum of

good elements irM,.(,c;) modulo the image of;_1, ;1. We do this by induction on(w)w

with respect to the order defined (0;.

If AM(w)v®win M,.(S.) is not good thern; < w1. Then consider

O(A(vl*wl*---*wj)(vl*wl*"'*wj))
=Mwp k- *w;)vy @ (W1 *---*wj)

+Zk(vl*w1*---*ﬁ)k*---*wj)wk@)(vl*wl*---*zi)k*---*wj),
kel

wherel is asubset ofl, ..., j} such thafwy | k € I} contains all different elements from
{wm |1<m < j}\ {vi}. Thus

H(A(vl*wl*'o'*wj)(vz/\vg/\u'/\v,-)®(vl*w1*~~*wj))
=Awr*x---xw;)(V2AV3A - AV AV @ (W1k -k wj)

+Zk(vl*wl*o'o*uﬁk*uo*wj)(vz/\v3/\o~/\v,'/\wk)
kel @ (veskwy sk -k Wy k- xw)).
This shows that modulo the image @f 1 ;11 the elemeni(w)v ® w is congruent to
(=)' Y e (W2 A - AV AWE) @ (VL F WLk -k W k- - kWA (VLWL k- -+ Wy k- kW ;).
After reordering the elements from the exterior parts in the above expression and deleting
those for whichwy € {vo, v, ..., v;} we get a sum of elementig w)v' @ w’ € Mi()(;) with
coefficients—1 or 1 andi(w)w’ < A(w)w.

(i) The fact thato: M;_1.1 — M, o is surjective is obvious. To prove that Mp; —
M1 ;_1 is injective we consider the map: M1;_1 — Mp; sendingv ® w to v x w. Then
abp,; = i.idy,, and so Kefp; is an abelian subgroup of finite exponent in the free abelian
groupMo i, hence is trivial. O

Lemma 3. For j > 1, i > 0 the quotientM;;1 ;_1/0(M; ;) is a free abelian group.
Furthermore the image of the good elemench?)1 i1 is a basis ofM; 1, ;-1/6(M; ;)

forj > 2.

Proof. Observe tha#?=0. Fori > 1, j > 1, by Lemma 2,

0(M;.) = 0(M%°) +62(M;_1,41) = (M%)
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and applying Lemma 2 again we get

Mis1j-1=0M; )+ M3 =6(M@PN) + M9P) | forj>2.i>1 (3)

From now on we aim to prove that the sum in (3) is direct. It is obvious that we can restrict
to the case whel is of finite rank. We show that

|M

1

0 .. . . . .
Ol =k M1 ) =G )+ +1 -1 forj>2.i>1  (4)

wherepw (i, j) is the number of good elementsmifc;). An element ofM,.(f:)l_’j_l is either
good or not good and there is a bijection between the non-good elememfgm.fl and
the good elements iM,.(s.). An elementi(wy s -k w;— D)WL A+ AVi11) ® (W - - - %

w;_1) of Ml.(f:)l i1 is non-good ifv; < wy and it corresponds to the good element
Avpxwr k- xwi_ D)W A AV @ (V1w k- xWj_1).

And the good element(w} - - - % w;)(v'l A AV @ (W k- - - % w;.) of Mi((;) corresponds
to the non-good element

k(w’z*---*w})(w’l/\v/l/\---/\v;)®(w’z*---*w-)EM.(O) ;

By (3), (4) and since Wl_(good) < (i, j) we deduce that both sums in (3) are direct.
HenceM; 1, j-1/0(M; ;) ~ Mi(i‘f?fl, as required.

If j >2,i =0 by Lemma 1(i) we havéfs ;1 = 6(Mo;) + M{?;’f?. The sum is direct
if rk (M1, j—1) = rk(Mo_j) + rk(Mi?;)f?), which is equivalent to the existence of bijection

between the non-good eIements]\d!‘lO]Ll and Méf)]).. This can be done exactly as in the
first part of the proof. O

Proposition 1. Supposé is a free abelian group.
(1) The complexv’

0> S (V)> VRS V) - > A2V R852(V) > ATV @V > AV >0
with theZ-linear differential that equals the differentidl i.e.,

8(1)((1)1/\ e AVE) ® (W ke -k wi—k))

= Z (vl/\'u/\vk/\wj)@)(wl*ou*uﬁj*ou*wi,k)
1<j<i—k

is exact.
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(2) The complex\t
0= A(V) = VR AL(V) = S2V)@ A2(V) - ---
S5 V)@V - 5(V) >0

with theZ-linear differential

3(2)((1111*“'* W) @ (VLA -+ A Vi)

= Z (—1)j71(w1>k---*wk>kvj)®(vl/\---/\ﬁj/\---/\v,-_k)
1<j<i—k

has homology groups of finite exponent dividindn particular, if R is a subring ofQ
containing the ring of integers such thais invertible in R then the compleXt ® R with
differentiald® ® id is exact.

Remark. The result in part (2) of Proposition 1 is the best possible as there are examples
when the complexX\ is not exact.

Proof. We consider the complex
T:0> A(V) > AL V) QV > AT2(V) @ S2(V) —
> VeSS tv)>Sv)—>0
with the Z-linear differential

I (LA Av) @ (Wi k% wiy))

Z (—1)k_/(v1/\~~/\ﬁj/\~~/\vk)®(vj*w1*~c*wi,k).
1<jsk

We claim that
aDH® L 5@ M —; id.

Thus the homology groups 8§ and the new compleX are of finite exponent dividing
By Lemma 3 the homology groups &f are trivial orZ-torsion-free, hencé/ is exact.
Furthermore using tha’ (V) @ A(V) =~ A (V) ®@ ST(V) Viaw ® v >~ v @ w We See
that the complex\ is isomorphic to the complex
0= ANWV)=> ATV)QV - A2(V) @ S2(V) —
> VeSS tv)—>Sv)—>0

with theZ-linear differential
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3(4)((1)1/\.../\Uk)@(u)]_*"'*wifk))

= Z (_1)]‘71(1)1/\“./\13], /\---/\vk)®(vj KWLk -k Wi_g).
1<j<k
Note thatd®| v g3+ 1) = (D 20D i () g3i-4 vy, I-€., the differential$)® and
3™ are equal up to sign. Then the homologies\dfare isomorphic to the homologies of

the new complex”, which have been proved to be of finite exponent. Finally we prove the
claim.

(38D +aDI) (1 Ava A~ A @ (w1 wak -+ % wi—g))

=9® Z (vl/\---/\vk/\wj)®(wl*---*zi)j*---*wi—k)>
1<j<i—k

+8(1)( Z (—1)k_“(v1/\---/\ﬁa /\---/\vk)®(va *wl*---*w,-_k))
1<a<k

= Z Z(—1)k+1_s(v1/\---/\ﬁs/\---/\vk/\wj)

1<) <i—k 1<s<k

@ (Vs kwp k- %Wk x W)

+ Z (WL AV2A - AVE) ® (W1 % W2 %k -+ % Wj—k)

1<j<i—k
k—a ~
+ (=1 (VLA ADg Aves Ao A wp)
1<a<k 1<B<i—k

®(Uo‘*wl*”'*ﬁ)ﬁ*"'*wi7k)

+ Z (—1)k_°‘(v1/\---/\ﬁa/\---/\vk/\va)®(w1*w2*---*w,~_k)
1<a<k

=(0—kWi1AVVA--- AV @ (Wrkw2k---kwWj—g) +k(WLAV2A--- AVg)
® (W1 * w2 %% wi_k)
=i(VIAV2A - AVr) @ (W1 % w2 %k W_g),

as required. This completes the proof of the claim and the propositian.

Proposition 2. Suppose : V — W is a homomorphism of free abelian groups.
(1) The following complex denoted By (V, d)

0— S (Kerd) - S' (V) > Imd @ S"L(V) — --.

— A Imd) @ V - Al(Imd) - 0

with theZ-linear differentials
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A7 (VLA Av) @ (w1 -k wi—g))

= Z (VIA - AUAdW))) @ (Wi xDj k- xwi_g),
1<j<i—k

where vy, ..., v € Imd, w1, ..., w;—x € V is exact. Herer is the natural embedding
induced by the embeddingiérd in V.
(2) LetR;(V,d) be the complex

0— Al(Kerd) == AL(V) = (Imd) @ AH(V) = S2(Imd) @ AT2(V) — - ..
- S Y Imd)®V — S'(Imd) — 0

with theZ-linear differential

IR, (Wi wp) @ (VLA Aviy))

= Z (=D wr s xwe xd @) @ (Vi A AD A Avik),
1<)<ik

where w1, ..., w; € Imd, v1,...,vi—x € V and t is the embedding induced by the
embedding oKerd in V. ThenR,; (V, d) has homology groups of finite exponent not bigger
thani. In particular if R is a subring ofQ containing the ring of the integers such that

is invertible inR thenR; (V,d) ® R is exact.

Proof. If d is injective we identifyV with its image Imd and apply Proposition 1.

If d is not injective we defing/y to be the quotient//Kerd andd: Vi — W the
map induced byl. As W is free abelian its subgroups are free abelian, in particularly
d(V1) >~ V1 is free abelian. Thu¥ ~ V; @ (Kerd) as abelian groups. Using the fact that

k)= St (vie (Kerd))~ €D (5*(v1) @ S¥2(Kera))
k1+ko=k

(where the tensor product in the right-hand side of the formula corresponds to the
symmetric produck on the left-hand side), we see that the compteiV, d) splits into a
direct sum of the complexes

{Fi(vi.d) @ S (Kerd)}, ., with differentialsiz, ®idsi-,

and the complex
0— 5 (Kerd) %> 5 (Kerd) — 0.

By Proposition 1(1)/;(V1, d) is exact and henc&;(V1, d) ® S~/ (Kerd) andF;(V, d)
are exact.



644 D.H. Kochloukova, J. Harlander / Journal of Algebra 269 (2003) 632—-651
The proof of the second part of Proposition 2 is similar. Using

N(Vie (Kerd))~ @ (A(V1) ® A2(Kerd))
Jitie=j

(where the tensor product in the right hand side of the formula corresponds to the wedge
producta on the left-hand side), we see tHat(V, d) splits as a direct sum of complexes

[Rj(Vi,d) ® A"/ (Kerd)}, .,  with the differentiabr,; @ id -,
and the complex
0— Al (Kerd) %> Al (Kerd) — 0.
By Proposition 1(2)R; (V1, c?) has homology groups of finite exponent dividipgand
as A~/ (Kerd) is a freeZ-module Hy(R;(V1,d) ® N~/ (Kerd)) = Hi(R;(V1,d)) ®
AI=J (Kerd). This completes the proof.0
5. Proof of Theorem 1

We prove Theorem 1 by induction gn Consider first the case= 1 and denote by 1
the free abelian groufg.A;. Let P be the Koszul resolution ¢ overZ[A;] constructed
using the basisly, i.e., P; = Z[A1] ® (Al A1) with differentials

darA---Aa)= Y (=D Haj—D®arA---Adj A Aaj
1<

for ay <--- <a; € A1. We considefP as a free resolution of the trivial module over
Z[Kerd1] and use this resolution to calculat& (Kerds, Z). By the description of the
homologies of torsion free abelian group as exterior powers given in Section 1.2

Hi(Z @z keray) P) = Hi(Kerdy, Z) ~ A Kerd;.
Remember that by definition
QW ~ (Z ®zkeray P) ®z R.
As R is flat overZ

H; (Q(l)) = H;(Z ®zKerdy) P) ® R = (A’ Kerd:) ® R,
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thus Theorem 1 holds fof = 1. Note that at this stage we have not used the fact that
some of the elements @& are invertible. This fact will be used later on when we refer to
Proposition 2(2). We remind the reader that by constructior for2

G _ ) Pmatjma=m 1(7{; l)®A’"2(ZA.,') if jis odd,
W) =

DByt jmgmm Sty ®S™2(ZA;) i jis even

with differential
0(ZAj) € QY NKerd, dlza, =d; modulod(QUY).

Note that by (1) we have the following more explicit formulas for the differentialg 3f2
is even

(A @ (W% Wpy)) =0(A) ® (W1 -+ * Wy)

H (=DM Y Awa - dw) Wy, (6)
1<i<my

where A € Qf,{fl), W1, .. Wy € ZAj, Aw1---9(w;)---wm, is the product of the
corresponding elements 9.

If j >3is odd

AR WIA - AUpp)) =0(A) @ (VLA -+ A Upp)

+ Y DT @) Uy (7
1<i<my

forae QW vi, ..., vy, € ZA,;.

Now we consider the inductive step fpe= 2. Assume Theorem 1 holds for the complex
QU-D and we consider the filtratiofZ?},>1 of Q) where 77 contains all direct
components oD in (5) with m» < p. Thus

(Fr/Frt), = QU V@ Ar@A;)  for j odd

(]:p/f”’l)s ~ Qiﬂ;i-) ® SP(ZA;) for j even
with differentials 9| o-» ® id by (1). The associated spectral sequence as defined in
[8, Corollary 11.12] is

Ezlw.,q =Hp+q (}—p/}—p%)
with differential

1 .1 1
dpg Epg= Ep14
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which by [8, Exercise 11.13] is the connecting homomorphism of the exact sequence of
complexes 0> FP~1/Fr=2 5 Fp Fr-2_ Fr/Fr-1_ 0.

() Now we assume thaj > 2 is odd. Using the description of the differential of
FrFP~1and assumption that the inductive hypothesis holdg ferl we get

. Hpiq—jp(QU D)@ AP(ZA)) i p+q—jp>0,
E, =\ R®AP(ZA)) if p+qg—jp=0,
0 ifp+qg—jp<0,
not known groups ib+q—jp=>m,
~ptq—j
) 555" (Kerdj_) ® AP(ZA;) ® R if <1 €Z,0<p+q—jp<m—1,
0 if 43 ¢2,0<p+q—jp<m—1,
0 if p+q—jp<DO.

Claim. After substituting<erd;_; with Imd; in the above formula the differential dfll,,q

for -y € Z,0< p+q — jp <m—1isd ®idg, whered up to sign is the differential
defined in Propositio2(2)ford =d;:V =ZA; - W =ZA;_1.

Proof. We use the description af; , as connecting homomorphism. Let Y, 1; ® v

be an element 0@/~ Y @ APZA; C FP, wherel,; € Qﬁ-’__pi.), VD = AV A A

is an element of a fixed basis of’ZA; over Z. We assume that the image of
in 77 /Fr~1 belongs to KeWz,,rp-1). Thusd(r) € FP~1. By (7) we haved(r) €

> 00y) ® v 4+ FP~1 henced(r;) = 0 for all i. Then by the description of! as
connecting homomorphism we have for the clags H,,(FP/FP~1) of r that

d*([r]) =[0(r)] € Hu_1(FP~1/FP2).
Sinced(1;) =0, ded);) =s — pj and by (7)

a(r) = Z(a(m) @ ;Y (—1) gy D (), vé”)
i I<p

= 3 (o)) ®

i t<p
Furthermore by (2) there exisﬁéi) € QF/‘D such that
2(u”) = dj (") =8 (us"). (©)
We aim to prove that for eveny< p
)\,-vg) . u§?la (;Lii))v,(f,:l . -vg) e FPr24 8(.7-"’_1). (10)

Indeed
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a(hivy 0D Do )

Vi1
degx;
=3 )U(l) t(l)llufl) 1(21 (l)+( 1) eg. ))L 8( @ z(l)ly“t(l) 1(21 U(l))
deg;

= (D% (v oD DD D)
— (_1)degki)ki(2(_1)klv:([’) .. 3(U]E’)) .. M;l) - Ug)

k<t

+Z( 1)k 1 (l) . (l) . a(U]E’))vg)

k>t

€ (—1edtH =130 () 0D FP2,

Note that the above calculation implies (10). Then by (8) and (9)

0] = 32 (0 2 )y o ey o)

i I<p
t—1+s—pj (i) (t) @ny,, @)
[ (e 0y )]
i t<p
5 (e () )]
i I<p

Hy 1 (FPH)FP72).
By (10)
[Aiz(_l)tlJrspjvgi) 3w, (1)i| 0.
t<p

hence

) = [ (3 Zw s (ol o) |

i 1<p
Finally dj(vt(i)) € ZA;_1 is a central element i@ (rememberj — 1 is even), hence

(00 = 0 (L0 by (o ool o) |

i NISp

= DY S T i (o) @ vy vy ),

i 1<p
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The latest equality comes from the fact that the differentiaFéf1/F7=2is 8 ® id , 1.
This completes the proof of the claimD

Then the bigraded modulﬁi’q}erq_.,'pgm_l splits into chains of complexes:

0> AP(V)®@R— (IMd) @ AP L(V)@ R — S2UMd) @ AP 2(V)QR — - --
-SSP Y md) VO R — SP(Imd) ® R — 0

with differentials up to sign the ones given in Proposition 2(2)det d; .V =ZA; —
ZA;_1, the elements ofV have degreej and the elements of Ich degree;j — 1.
According to Proposition 2(2) these complexes are exact in all dimensions except at the
very beginning, where the homology is isomorphic(Kerd;) @ R, i.e.,

not known iftp+q—jp=>m,
E3,={AP(Kerd)® R if p+q—jp=0,
0 if p+q—jpe(—oo,m—1]\{0}.

2.2 2 ; i 2 2
ifa<:E5 , — ES 544118 non-trivial for somep +¢ <m —1thenkE;  # 0# ES 5441

Since(p—2)+(@+1) — j(p—2) <m—1 Dby the above description (Eﬁ’q we have

1=j-1= % > 4., a contradiction. Thug? = E3  and the same argument shows
3 _ 4 _ — —
E),=E,, = =EF forp+g<m—1.As

) .
Ep,q N Hn(Q(j)),
wegetforl<n<m-—1

, Ai(Kerd)®@ R if " eZ,
Hy(QV) = 0 ' it 1 ¢ 7
1¢.

This completes the inductive case wheis odd.
(I1) Now we assume thaf is even, this case is similar to the previous one. Using the
inductive hypothesis

Hpiq ip(QU ™)@ SP(ZA)) if p+q—jp>0.

Ep =1 5P(ZA)®R if p+q—jp=0,
0 if p+q—jp<0,
not known groups ib+q—jp>=m,
+q-j ~
A (Kerd; 1) @ SPZAH @ R 41 €Z0<ptq—jp<m—1,
0 ?f%¢Z,O<p+q—jp<m—l,
0 if p+q—jp<0.

We substitute Ked;_1 with Imd; in the above formula and similarly to the previous case
E! has differential$ ® idz, whered up to sign is the differential of5;(V, d) given in
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Proposition 2(1) fod =d; .V =ZA; — W = Z.A;_1 (this description of the differential
follows from (6) in exactly the same way as the proof of the claim in the previous case
follows from (7)). Then the bigraded modu{@}mq}pﬂ_.,pgm_l splits into chains of
complexes:
0> SP(V)®R—1Imd; @ "1 (V)@R— - -
— AP"HImd))® V@ R - AP(Imdj) ® R — 0,
whered =d;:V = ZA; — ZA;_1 and with differential up to sign given by Proposi-

tion 2(1). According to Proposition 2(1) these complexes are exact in all dimensions except
at the very beginning, i.e., fgr+¢q — jp<m—1

E2 — §P(Kerdj)®R ifp+q—jp=0,
Pq 0 if p+qg—jpe(—oo,m— 1]\ {0}.

As before examining the bidegree of the differentfalof £” we obtain thatt . = Elz,,q

for p + ¢ <m — 1. This completes the inductive case wheis even as the convergence
of the spectral sequence

) .
Ep,q N Hn(Q(j))
impliesfor1<n <m—1

. Si(Kerd)®R if2eZ,
Hn(Q7) = {o : it ¢z
g7

6. Liftingaresolution of M of length 2

Supposed; = ¢ for i > 3 and let us consider the compléxdefined in Section 2 for
R=7.ThenQ = Q@. As shown at the beginning of Section 4

H,(QW) = A*Kerds.
Using the spectral sequence argument from Section R ferZ and j = 2 we get

gl _ [ rP(Kerd) @ SP(ZA2) if g > p,
P47 10 if g <p.

We substitute Ked1 with Imdo in the above formula and note that the differentials
of E1 up to a sign are given by the differentials &t (V,d) in Proposition 2(1), for
d=dy:V =7ZA2 — ZA;z. It is important that the first part of Proposition 2 does not
require that some of the elements fare invertible and we could apply it fat = Z.
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As Kerd, = 0 this gives that EL, 41) splits into exact sequences, the spectral sequence
collapses and hence

E2=0.
In particular,Q is exact in all dimensions and we obtain the following result.
Theorem 2. If A4; =0 for i > 3 then the compleg for R = Z is exact in all dimensions.

We can use the resolutio@ to calculate the homology grougs,. (M, Z). The complex
Z ®z;m Q splits into direct sum of the subcomplexes

Bi(do):-— AN(ZAD) ® STH(ZA) — AL ZAD) @ SN ZA) — - -

with differential as in Proposition 2(1) and!(ZA1) ® $'~/(ZA) placed in degree
i +2(t —1i). Thus

H,(M.Z)~ @ Hy(Biy)(d2)
i+2j=n

but the isomorphism is not functorial and depends on the choice of exact sequence
0— ZA2 — ZA1 — M — 0 of Z-modules. Note that

Hy (Bn (dZ)) = /\nM’

which is not a surprise as’ M naturally embeds i, (M, Z) as shownin [5, Theorem 6.4],
[2, Proposition 5.1]. We summarise

d : :
Corollary 3.1f 0 > ZA, =% ZA; — M — Qis an exact sequence of abelian groups then
there is a non-functorial isomorphism

H,M,Z)~ @ Hu(Buj(d2)).
0<j <[]
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