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linear orders any time X is a set of reals of cardinality ¥, and C is a Countryman line.

Definition:
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of countably many chains under the product order.

Facts:

o If O =(C, <¢) is Countryman, then C* = (C, >¢) is Countryman.

Thesis Defense April 6, 2007



A CANONICAL COUNTRYMAN LINE 13

Countryman Lines

Motivating Theorem (Moore):

(PFA) The orders X, w, wi, C and C* form a five element basis for the uncountable
linear orders any time X is a set of reals of cardinality ¥, and C is a Countryman line.

Definition:

A Countryman line is an uncountable linear order whose Cartesian square is the union
of countably many chains under the product order.

Facts:

o If O =(C, <¢) is Countryman, then C* = (C, >¢) is Countryman.

o lIf C = (C,<¢) is Countryman and L = (L,<;) embeds into ¢ and into C*, then L is
countable.

Thesis Defense April 6, 2007



A CANONICAL COUNTRYMAN LINE 14

Countryman Lines

Motivating Theorem (Moore):

(PFA) The orders X, w, wi, C and C* form a five element basis for the uncountable
linear orders any time X is a set of reals of cardinality ¥, and C is a Countryman line.

Definition:

A Countryman line is an uncountable linear order whose Cartesian square is the union
of countably many chains under the product order.

Facts:

o If O =(C, <¢) is Countryman, then C* = (C, >¢) is Countryman.

o lIf C = (C,<¢) is Countryman and L = (L,<;) embeds into ¢ and into C*, then L is
countable.

e Real types, w, types and w; types are not Countryman.
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The Method of Minimal Walks

Definitions:

e The upper trace of the walk from s to a is

Tr(B,a)=(B=53y>6,>...>8=q),
where

B;=min (Cs_ \ @).

e The full code of the walk is

Po (5,0&) - <b07 .. 'abl—1>7
where

bi = ‘C@im&} .
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e Todorcevic’s full lower trace of the walk from 3 to « is defined recursively by

F (o, ) ={a},
F(8,a)=F(min(Cs\ o), 0)U | ] F(,8).
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The Method of Minimal Walks

Definitions:

e Todorcevic’s full lower trace of the walk from 3 to « is defined recursively by

F (o, ) ={a},
F(8,a)=F(min(Cs\ o), 0)U | ] F(,8).

fGCBQ(X

e Our full lower trace of the walks from g and « is the set

F(f,0) ={ <a:Tr(e,§)NTr(5,6) = {£}}
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S <lex t
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Construction of a Countryman Line

Definitions:

o We use <, for the right lexicographic ordering for finite sequences of integers, i.e.
S <lex t

Iff ¢ is an initial segment of s or s; < ¢; where j is minimal such that s; # ¢;.

e We define the ordering <, on w; by

« <p0 6 <~ o (04,5) <lex Po <675) )
where

0 = A(a, f) = min{¢ <min{a, B} : py (e, C) # po (5,C)}-

e The uncountable linear order C (p,) is defined to be (v, <,,) .
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Theorem: C (p,) is Countryman.
Sketch of Proof:
e Define o : [wi)* — ((w<w)2) -~ by

g (047 6) (Z) — (p() (04, gz) y Po (67 Sz)) )
where (¢,);_, is the increasing enumeration of F (3, «).
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Construction of a Countryman Line

Theorem: C (p,) is Countryman.
Sketch of Proof:
e Define o : [wi)* — ((w<w)2) -~ by

g (047 6) (Z) — (p() (04, gz) y Po (67 Sz)) )
where (¢,);_, is the increasing enumeration of F (3, «).

e For r ((w<“)2) ~ define ', by

I, ={(a,f):a<f<wiando(a,p)=T}.

Lemma: For every r ¢ ((w<“’)2> <w, I, is a chain under the product order.
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Construction of a Countryman Line

“(The) theorem shares three important attributes with many fully evolved major theorems:

1. It is trivial.
2. It is trivial because the terms appearing in it have been properly defined.
3. It has significant consequences.”!

For the complete proof and references please see

http://math.boisestate.edu/~hudson/slog.htm

That’s it, thanks!

I Michael Spivak. Calculus on Manifolds.
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