Notes on Assignment VII, problem 2

Dr. Holmes
February 18, 2004

The theorem to be proved is “for alln > 2, F,,_F,,; = F? + (—1)"”.

I suggested rephrasing this to

“for all n, Fo, 1F5,1q1 = F22n+1 and Fy, Foi0 = F22nle —17; this separates
out the odd and even cases.

The basis step is easy.

The induction hypothesis is Fop_1Fop1 = Fap+1 and FopFopyo = Fop i —
1.

It is important to notice that this implies that F22,C = Fy, 1For1 — 1 and
F3 oy = Fop Foppp + 1!

From this I am supposed to prove Fyop 1 Fori3 = F22k+2+1 and FopoFo 14 =
F3 .5 — 1. (can you see why?)

This turns out to be a good deal easier than I was making it. It may not
even be necessary to change the form of the statement to get a good proof.

For example, to prove Foyi1Fopig = Fiy 5 + 1 proceed as follows:

Forr1Fopys

= (def of Fibonacci numbers)

Fopi1(Fopt1 + Foyo)

= (algebra)
Fy + FPop1 Fogy
= (ind hyp)
(ForFopra + 1) + Fopy1 Foppo
= (algebra)

(For + Fopg1) Forqa + 1



= (def of Fibonacci numbers)
Fljopr +1

which is what we want.

You could complete this writeup (adding the similar proof that Fog o Fogiq =
F3,.. 5 —1), but I think that it is actually possible to prove the original state-
ment by ordinary induction directly by adapting my calculations in the right
way (it seems that this is an “easy” theorem about the Fibonacci numbers
that doesn’t require a special variant of induction!)

ie.,

prove Fy F3 = F} + (—1)* (basis step, k = 2)

then prove “If k > 2 and Fy_1Fy1 = FZ + (—1)%, then FyFy o = FZ2 | +
(_1)]6—1'

The calculation above can be adapted to prove this induction step (if you
think just a little about the powers of —1); just remember that the calculation
above has 2k instead of k (and plain 1 instead of (—1)%).



