ON TIGHTL Y -FIL TERED BOOLEAN ALGEBRAS

STEFAN GESCHKE

Abstra ct. In this article we study the notion of tight -lteredness of a
Boolean algebra for in nite regular cardinals . Tight @- lteredness is projec-
tivit y. We give characterizations of tightly -Itered Boolean algebras which
generalize the internal characterizations of projectivit y given by Haydon, Sce-
pin, and Kopp elberg (see [15] or [17]). We show that for each there is an
rc- ltered Boolean algebra which is not tightly -ltered. This generalizes a
result of Scepin (see[15]). We prove that no complete Boolean algebra of size
larger than @ is tightly @- Iltered. We give a new example of a model of
set theory where P (!) is tightly -ltered. We study the eect of the tight
- lteredness of P (! ) on the automorphism group of P (! )=fin.

0. Intr oduction and plan of the paper

Koppelberg ([16]) introduced and studied the notion of tight - lteredness of a
Booleanalgebra, which generalizesprojectivit y. Using this notion shegave uniform
proofs of seweral mostly known results about the existence of certain homomor-
phisms into countably complete Boolean algebras. In this article we study tight

- lteredness for all in nite regular cardinals . Koppelberg'stight - lteredness
is tight @- lteredness. Projectivity is tight @- lteredness.

Our researd concerningtight - lteredness was initiated by a list of questions
about tight - lteredness addressedoy Fuchino. The rst task wasto obtain usable
characterizations of tight - Iteredness. These characterizations can be found in
Section 2. Using these characterizations, in Section 3 we generalizesomeresults of
Koppelberg ([17]) on Stone spacesof projective Boolean algebrasto Stone spaces
of tightly -Itered Boolean algebras. Section 3 and the following sections are
independert of eat other, exeptfor Section6, which usesa result from Section5. In
Section4 we shaw that for all in nite regular there arerc- ltered Booleanalgebras
that are not tightly - Itered. rc- Iteredness is a generalization of projectivity and
was shown to be strictly weaker than projectivity by Scepin (see[15]). Our proof
generalizesScepin's argumert.

In Section5 we show that complete Booleanalgebrasof size @ are not tightly

- ltered. This implies that P (! ) is tightly -Itered i the sizeof the cortinuum
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2 STEF AN GESCHKE

is at most @ and P (! ) has the socalled weak Freese-Nationproperty studied in
[6].

Moreover, we prove that P(!) is tightly -ltered in a model of set theory
obtained by adding at most @ Cohen reals using the pseudoproduct of partial
orders introduced by Fuchino, Shelah,and Soukup ([10]). By the Cohen model we
will refer to a model of set theory obtained by adding @ Cohenrealsto a model
of CH using nite support iteration. At leastimplicitly , it is well known that P (! )
is tightly - Itered in the Cohenmodel. Explicitly , this was proved by Koppelberg
in [16].

Finally, in Section6 we discussthe e ect tight - lteredness of P (! ) hason the
automorphism group of P (! )=fin. This cortinuesthe discussionin [16]. It turns
out that the tight - Ilteredness of P (! ) implies more or lessall the facts about
Aut (P (! )=fin) that are known to hold in the Cohen model. This together with
the results from [16] and [6] shows that the statemert P (!) is tightly - Itered’
captures a great deal of the combinatorics of the realsin the Cohen model.

This article is basedon a part of the author's Ph.D. thesis, but cortains some
new results, especially Theorem 5.2 and Corollary 5.4.

1. Prep ara tion

Throughout this article let bean in nite regular cardinal.
1.1. -embeddings.

Denition 1.1. Let A and B be Boolean algebraswith A B. For x 2 B let
A x denotethe idealfa2 A:a xgofA. Aiscalleda -sutalgebe of B i
foreadi x 2 B, A x hasconality < . In this casewe write A B. Aisa
-sulalgeba (relatively complete subalgebra)of Bi A g B (A g B). In this
casewe write A B (A  B). A relatively complete subalgebrais also called an
rc-sutalgeba. An isomorphism between a Boolean algebra A and a -subalgebra
(rc-subalgebra, -subalgebra) A° of a Boolean algebra B is called a -embedding
(rc-embedding, -embedding). O

Note that A Bi A B andfor everyideall of B which hasco nality <
the ideal I \ A alsohasconality < . Alsonotethat A B i foreveryx2B
the ideal A x is generatedby a single elemer.

The following lemma collects somefrequertly usedfacts on

Lemma 1.2. Let A, B, and C be Boolean algebas.
a) A B C) A C.
b) If B is the union of a family B of sutalgebas of B and A BO for every
B°2 B, thenA  B.
s c) If (A )< is an asending chain of -sutkalgebas of B and cf( ) < , then
A B.
d) A B, X 2[B]* ) AX) B.
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Proof. a) and b) are easy For c) let C := S . A . Fix aconal setX of size
g . Forb2 B and 2 X let YP beaconal subsetof A bofsize< . Then
ox YPisconal in C bandhassize< by regularity of
d) was shawvn by Koppelberg for @ ([16]). The proof of the generalcaseis
the same. O

1.2. -ltrations. A Booleanalgebrais -ltered i it hasmany -subalgebras.
In order to give a precise formulation of ‘'mary', we introduce various notions of
skeletons.

Denition 1.3. Let S be a family of subalgebrasof a Boolean algebra A. S is
calleda < -skeletonof A i the following conditions hold:

(i) S is closedunder unions of subchains.
(i) For every subalgebraB of A thereare < andC 2 Ssuchthat B C
and jCjj Bj +
S is called a -skeletonof A i S satises (i) as above and instead of (ii) the
following holds:

(ii) © Every subalgebraB of A is included in a member C of S suc that
iCj=jBj +
S is called a skeletoni it is an @-skeleton. O

The exact de nition of - lteredness is the following:

De nition 1.4. A Booleanalgebra A is -ltered i it hasa -skeleton S con-
sisting of -subalgebras. A is -lteredi it is @-ltered. Aisrc-lteredi it is
@- ltered. In some part of the literature rc- Itered Boolean algebrasare called
openly geneated. O

The main notion that will be investigated in this article is tight - lteredness.
While - Ilteredness and tight - Iteredness seemto be unrelated at rst sight, it
will turn out later that tight - lteredness is strongerthan - lteredness.

De nition 1.5. Let A be a Boolean algebraand an ordinal. A continuous as-
cending chain (A )< of subalgebrasof A such that A = _ A s called a
(wellordered) Itr ation of A.

A ltration (A )< iscalledtighti Ap = 2andthereisasequencgx )< in
A suchthat A ., = A (x ) holdsfor all <

A ltration (A )< iscalleda -Itr ation (rc- Itr ation, -Itr ation) i A
A (A e A 41, A A i) holdsforall < . Aistightly -lteredi it
hasa tight - Itration. O

1.3. Univ ersal prop erties. This subsectionwill not really be neededfor the rest
of this article, but it provides some motivation for studying tight - Iteredness.
Tightly - Itered Boolean algebrashave properties similar to projectivity. While
no in nite  complete Boolean algebra is projective, in some models of set theory
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interesting complete Boolean algebrasare, for example, tightly - Itered. This has
nice applications concerningthe existenceof certain homomorphisms.

Denition 1.6. A BooleanalgebraA is projective i for any two Booleanalgebras
B and C, every epimorphismg: C ! B, and every homomorphismf : A! B
there is a homomorphismh : Al C sud that

L>C
\\ig
f
B

commutes. O

A

While this de nition works in every category, the following characterization due
to Halmos (see[17]) provides more insight into the structure of projective Boolean
algebras.

Denition and Lemma 1.7. A is a retract of B i there are homomorphisms
e:A! Bandp:B! A suchthatp e= ida. A Boolean algeba A is projective
i it is aretract of a free Boolean algeba.

Proof. Abstract nonsense. O

This lemmais true in every category with su cien tly many free objects. How-
ever, there are categoriesin which this lemma does not hold since there are non-
trivial projective objects, but no non-trivial free objects. (See[12] for an example.)

By theoremsof Haydon, Koppelberg, and Scepin, the tightly rc- ltered Boolean
algebrasare exactly the projective Booleanalgebras. (See[17] or [15].) The follow-
ing theorem generalizesone direction of this to tightly - Itered Boolean algebras
and was proved by Koppelberg ([16]) for = @. Her proof works for uncourntable

aswell. However, we do not know whether the following theorem actually charac-
terizestight - Iteredness. It probably doesnot. Let us introduce someadditional
notions rst.

Denition  1.8. A Boolean algebra A has the -sepration property ( -s.p. for
short) i for any two subsetsS and T of A of size< with S T :=fs t:s2
S"Mt2Tg=f0gthereisa2 A sucththat s aforalls2 Sandt a for all
t 2 T. An ideal | of a Booleanalgebra A is -directed i every subsetof | of size
< hasan upper boundin I. O

In particular, every -complete Boolean algebrahasthe -s.p. Similarly, every
-ideal, i.e., every ideal which is closed under sums of lessthan elemers, is
-directed.

Theorem 1.9. Let A be a tightly - Iter ed Boolean algeba. If B and C are
Boolean algebms, C hasthe -s.p.,,g: C ! B is an epimorphism such that the
kernel of g is -directed, and f : A | B is a homomorphism, then there is a
homomorphismh : A! C suchthatg h=f. O
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The proof uses

Lemma 1.10. Let A and A°be Boolean algebas suchthat A®is a simple extension
of A, i.e., A= A(x) for somex 2 A% Assumethat A A(x), B and C are
Boolean algebes, C hasthe -s.p., g:C! B is an epimorphism with -directed
kernel, f : A°! B is a homomorphism,and h : A! C is a homomorphismsuch
thatg h=1f A. Then thereis an extensionh®: A°! C of h suchthat g h°= f,

ie.,
[ 7]
g
A(x) — B
commutes.

Proof. The proof is the sameasthe onegiven by Koppelberg ([16]) for = @. O

Proof of the theorem. Fix a tight - ltration of A and construct h by trans nite
induction along this ltration, using Lemma 1.10at the successoistages. O

In particular, this theorem givesthat if A hasthe -sp.,f : A! B is an
epimorphism with  -directed kernel, and B is tightly - ltered, then there is an
homomorphismh : B ! A suchthat f h = idg. his called a lifting for f. Note
that h is injective.

De nition  1.11. Let M be the ideal of meagersubsetsof the Cantor space' 2
and let N be the ideal of subsetsof ' 2 of measurezero. Here the measureon ' 2 is
just the product measureinduced by the measureon 2 mapping the singletonsto
1. Let Bor(* 2) bethe -algebraof Borel subsetsof' 2 and let C(! ) := Bor(' 2)=M
and R(! ) := Bor(' 2)=N. C(!) is the Cohenalgeber or category algeba and R(! ) is
the measure algeba or random algeba. Let p: Bor(' 2)! R(!) andq: Bor(' 2)!

C(! ) be the quotient mappings. A lifting for p is a Borel lifting for measure and a
lifting for qis a Borel lifting for category. O

Using her version of Theorem 1.9, Koppelberg gave uniform proofs of seweral
mostly known results about the existenceof certain homomorphism into Boolean
algebraswith the countable separationproperty. Among other things, sheobsened
that under CH and in the Cohenmodel, C(! ) and R(! ) aretightly - Itered. This
implies the existenceof Borel liftings for measureand category in the respective
models (see[16]). Originally, the results on Borel liftings in these models were
obtained by von Neumann, Stone, Carlson, Frankiewicz, and Zbierski.

One may ask whether the existenceof a Borel lifting implies the existenceof a
tight - Itration of the respective algebra. At leastfor measure this it not the case.
According to Burke ([2]), Velickovic has shown that after adding @ random reals
to a model of CH, there is a Borel lifting for measure. However, it follows from the
results in [6] and [7] that in that model R(! ) fails to have the weak Freese-Nation



6 STEF AN GESCHKE

property, which will be intro duced below and which is equivalent to - lteredness.
It follows from Lemma 2.5 that R(! ) is not tightly - Itered if it is not - ltered.

Shelah proved that it is consistert that there is no Borel lifting for measure,
respectively for category ([22]). Apart from the results mertioned above, little is
known about the existenceof Borel liftings for measureor category. For example,
it is an open question whether it is consistert that the continuum is @ and there
is a Borel lifting for measureor category. There is someconnectionto Theorem 5.4
here. The theorem says that no complete Boolean algebra of size> @ is tightly

- ltered. This meansthat the known argumerts giving the existenceof a Borel

lifting for measure,respectively category, in somemodels of set theory do not work
if the continuum is @.

We do not know whether tight - lteredness can be characterized by someprop-
erty like the onein Theorem 1.9. However, there will be seweral internal character-
izations of tight - Iteredness in the next section.

1.4. The -Freese-Nation prop erty. In this subsection we introduce the -
Freese-Nation property, which turns out to be equivalert to - Iteredness. The

-Freese-Nation property has been studied by Fuchino, Koppelberg, Shelah, and
Soukup ([8], [9], and [11)).

De nition 1.12. A Boolean algebra A has the -Freese-Nation property ( -FN
for short) i there is a function f : A'! [A]* sud that for all a;b 2 A with
a bthereisc2f(a)\ f(b)suchthat a c¢ b f iscalleda -FN-function for
A. The @-FN is the original Freese-Nationproperty (FN), which has been used
by Freeseand Nation to characterize projective lattices ([3]). The @-FN is called
weak Freese-Nationproperty (WFN for short) and wasintro duced by Heindorf and
Shapiro ([15]). WFN (A) denotesthe statemert "A hasthe WFN'. O

This de nition works perfectly well for partial ordersinstead of Booleanalgebras.
The sameistrue for - lteredness. However, in this article wewill only beinterested
in Booleanalgebras. This is due to the fact that we do not know how to generalize
the notion of tight - lteredness to arbitrary partial ordersin a reasonableway.

It is easily seenthat small Boolean algebrashave the -FN.

Lemma 1.13 ([8]). Every Boolean algeba A of size hasthe -FN. O

By a result of Heindorf ([15]), a Boolean algebrais rc- Itered i it hasthe FN.
Similarly, in [15] it is proved that for Boolean algebrasthe WFN is the sameas
- lteredness. Fuchino, Koppelberg, and Shelah ([8]) gave a characterization of
partial orderings with the -FN in terms of elemenary submodels of someH .
Their argumerts implicitly show that - lteredness and the -FN are equivalert.
The following lemma collects the basic obsenations neededfor the proof that -
Iteredness and the -FN are equivalert:

Lemma 1.14. a) ([8]) If f is a -FN function for a Boolean algeba A and
B A is closel under f, then B A.
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b) If B is a -sulalgeba of a Boolean algeba A and A hasthe -FN, then B
hasthe -FN, too.

c) ([8]) Let bealimit ordinal andlet (A ) be in increasing continuous chain
of Boolean algebas suchthat A A for every < . If A hasthe -FN
for every < ,then A hasthe -FN aswell

Proof. Only b) has not beenprovedin [8]. Let f bea -FN-function for A. For
eah a2 A x X, 2 [B] sudthat Xyisconal in B a. Foreah b2 B let
g(b) = a2f (b) Xa- O is a -FN-function for B: By regularity of , jg(b)j< for
everyb2 B. Let b;c2 B besuchthat b ¢ Nowthereisa?2 f(b\ f(c) such
that b a c Leta’2 X, besudhthat b a a Nowb a° cand
a2 g(b)\ g(c). O

Theorem 1.15. A Boolean algeba A hasthe -FN i it is -lter ed.

Proof. First let f be a -FN-function for A. The family of those subalgebrasof
A which are closedunder f is easily seento be a -skeleton of A. By part a) of
Lemma 1.14,it consistsof -subalgebrasof A.

For the other direction let S be a -skeleton of A consisting of -subalgebras.
Let B 2 S be of minimal sizesuch that B doesnot havethe -FN. If such aB does
not exist, we are done since A itself is an elemer of S.

Let :=jBj. By Lemma1.13, > *. Let (b )< be an enumeration of B.
Inductiv ely pick a cortinuously increasing sequence(B )< in S suc that for
eah < ,jB j< andfb : < g B . This is possibleby the properties of
S.NowB®="_ B 2SandB B% By part c) of Lemma 1.14, B® has the

-FN. SinceB BO it follows from part b) of Lemma 1.14that B hasthe -FN.
A cortradiction. O

The following lemma comesin handy when one wants to nd out whether or
not certain complete Boolean algebrashave the -FN. The -FN doesnot re ect
to subalgebrasin general,but to subalgebraswhich are retracts.

Lemma 1.16. ([8]) Let A and B be Boolean algebas. If A is a retract of B and
B hasthe -FN, then A hasthe -FN. O

SinceP (! ) embedsinto every in nite  complete Booleanalgebraand is complete,
P (! ) is aretract of every in nite complete Booleanalgebra. Thus, P (! ) hasthe -
FN i anyinnite complete Booleanalgebradoes. The most interesting caseseems
to be = @. Fuchino, Koppelberg, and Shelah ([8]) noticed that every complete
Boolean algebrawith the WFEN satis es the c.c.c. As mertioned earlier, for every
Boolean algebra A of size @, WFN (A) holds. Thus CH implies WFN(P (! )). It
is possible to enlarge the continuum by adding Cohen reals without destroying
WEN (P (!)). Hereadding Cohen reals meansforcing with Fn(; 2). In [8] and
[11] the following facts about WFN (P (! )) were established:

Theorem 1.17. a)([8]) Adding lessthan @ Cohenrealsto a model of CH givesa
model of WFEN (P (!)).
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b)([11]) Adding any number of Cohenreals to a model of CH+: 0 givesa model
of WEN(P (1)). O

In [6] it was shaown that the universemust be quite similar to a model obtained
by adding Cohenrealsto a model of CH if WFEN (P (! )) holds, at least asfar asthe
reals are concerned. Note that the CohenalgebraC(! ) and P (! ) both are retracts
of eath other. Therefore one of them has WFN if the other one does. This was
noticed by Koppelberg ([16]). In [7] it was proved that P (! ) hasthe WFN i the
measurealgebraR(! ) does.

2. Chara cteriza tions of tightl y -fil tered Boolean algebras

In this section we give characterizations of tightly - Iltered Boolean algebras
which are similar to the characterizations known for projective Boolean algebras.
For thesecharacterizationswe haveto assumethat is uncourntable, simply because
some of the proofs given belov do not work for = @. However, some of the
characterizations given below are parallel to those of projective Boolean algebras.
The main di erence to the projective caseis that projective Boolean algebrasare
exactly the retracts of free Booleanalgebras. A similar characterization of tightly -
Itered Booleanalgebrasdoesnot seemto be available. For the characterization of
tightly - Itered Booleanalgebraswewill usethe conceptof commuting subalgebras
of a Boolean algebra.

Denition 2.1. Let A and B be subalgebrasof the Boolean algebraC. Then A
and B commutei for every a2 A and every b2 B such that a b= 0 there is
c2 A\ Bsudhthata candb C.

A family F of subsetsof a BooleanalgebraA is called commutativei it consists
of pairwise commuting subalgebras. O

The connection between -subalgebrasand commutativ e families is given by

Lemma 2.2. Let F be a commutative family of sutalgebas of A suchthat every
a2 A is contained in someB 2 F of size< . Then F consists of -sutalgebas
of A.

Proof. Let C2 F anda2 A. ThenthereisB 2 F sud that a2 B. We claim that
B contains a co nal subsetof C a. Letc2 C a. Now a c= 0. SinceB andC
commute, thereisb2 B\ C suchthat ¢ band a b. Butnowc b a O

This lemma is implicitly corntained in the book by Heindorf and Shapiro ([15])
for the case = @.

It turns out that additivit y of skeletonsis what separatestight - lteredness
from - Iteredness.

Denition 2.3. A < -skeleton (respectively -skeleton) S of a Boolean algebra
A is called additive i for every T S the Booleanalgebrah Ti generatedin A
by T isamenber of S. O
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In order to make the similarities betweenprojective Booleanalgebrasand tightly
- ltered Boolean algebras apparent, we quote the following from Heindorf and
Shapiro ([15]):

Theorem 2.4. The following are equivalent for a Boolean algeba A:

(i) A is projective.

(i) For someordinal , A is the union of a continuous chain (A )< consisting
of rc-sulalgebas such that A +; is countably geneated over A for every

< and Ay is countable.

(iii) A hasa tight rc- Itr ation.

(iv) A hasan additive commutative skeleton.

(v) A hasan additive skeletonconsisting of rc-emhedded sulalgebas.

(vi) A is the union of a family C of countable subsetsof A suchthath Si . A
for everyS C. O

We have the following characterizations of tightly - Itered Boolean algebras:

Theorem 2.5. Let be an uncountableregular cardinal. The following are equiv-
alent for a Boolean algeba A:

(i) For someordinal , A is the union of achain (A )< of -sulalgebaswhich
is continous at limit ordinals of co nality suchthat A 4; is -genemted
over A for every < and A, hassize

(i) A hasatight -Itr ation.

(i) A hasan additive commutative < -skeleton.
(iv) A hasan additive < -skeletonconsisting of -embedded sulalgebas.

(v) A hasan additive -skeletonconsisting of -emieddel sukalgebas.

(vi) A is the union of a family C of subsetsof size<  of A such that for all
S;T Cthealgebash Si andh Ti commute.
(vii)y A'is theSunion of a family C of subsetsof size< of A suchthat for every
S Ch Si A.
(viii) A is the union of a family C of subsetsof size of A suchthat for every
S Ch Si A.

Proof. (i)) (ii) wasprovedby Koppelberg([16]) for = @. The proof for arbitrary
regular is exactly the same.

(i) ) (iv) follows from Lemma 2.2.

(iv)) (v) is trivial.

(iii) ) (vi), (iv)) (vii), and (v)) (viii) canbe seenusingthe sameargumern: Let
the C consist of the elements of the < -skeleton ( -skeleton) of size<  (of size

). Then additivit y of the < -skeleton ( -skeleton) yields the desired property
of C.

(vi)) (vii) followsfrom Lemma 2.2 applied to the family F of all subalgebrasof
A generatedby a union of elemers of C.
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(vii)) (i) and (viii)) (i) are easily seenusing the following argument: Let A =
fa : S<jAjg. For every <jAj chooseB 2 Csudthat a 2 B . Let

=h _ B iforewery <jAj. (A )< ja works for (i).

(ii)) (iii) is the only part that requires somework. Let (x )< 2 A be sud
that (hfx : < (gi)< isatight -ltration of A. For every S let Ag =
hfx : 2 Sgi. With this notation the lItration is simply (A )< . Choose
f I [I® sud that for every < the ideals A X and A X are
generatedby (A x )\ A;( ) and (A X )\ A () respectively and suc that
f() .LetS:=fAr T A f[T] Tg: Sisanadditive< -skeleton:

Clearly, every subsetof A of sizeat least is included in a member of S of the
samesize. Moreover, any subsetof A of size< isincluded in an elemen of S of
size< . SupposeT S.LetU P()besudthat T = fAr : T 2 Ugandevery
T 2 Uisclosedunderf. Thenh Ti = AS |, 2 S since U is closedunder f. In
particular, S is closedunder unions of subchains.

It remainsto show that S is commutativ e.

Suppose S; T are closedunder f . It is sucient to shov that As, and
Aty comnute for every < . Wewill dosoby induction on . The limit stages
of the induction aretrivial. Suppose = + 1. W.l.o.g. wemay assume 2 S. Let

u2Asy, andv2 A7, besudthat u v= 0. W.lo.g. we may assumethat u is
of the form a x for somea2 As, . The caseu= a x iscompletely analogous.
Only the following casesare interesting:

I.v=Db x forsomeb2 Ay, and 2 T. Thenx 2 As\ Ar,u x and
% X .

Il. v= bx forsomeb2 Aty and 2 T. Thena bx = 0. Hencea b X .
Takec2 Af(ysuththatab c X . Then(a ¢) (b ¢)=0,ax ac
andb x b c Nowa c2Asy, andb c¢2 Ay, . By hypothesis,there
isr2 Aty \ Asy suchthata ¢ randb c¢ r. r is asrequired.

I1l. v2 Ary . Thena v X . Choosec2 Af(ysudithat a v ¢ X .
Thena v c=0andu=a x a ¢ Sincea c¢2 As , thereis
r2Asy \ Ay, sudhthata ¢ randv r.

This completesthe induction and (ii)) (iii) of the theorem follows. O

Remark 2.6. It follows from the proof of the last theorem that A is tightly -
Itered i it hasatight -ltration indexed by jAj. O

The assumption > @ wasonly neededfor this theorem. From now on we only
assume to beregular andin nite. The following corollary is very usefulwhen one
wants to shav that someBooleanalgebrais not tightly - Itered.

Corollary 2.7. Let be an innite regular cardinal. If a Boolean algeba A is
tightly - Iter ed, then there is a function f : A! [A]* suchthat for any two sets
X;Y A which are closal under f, hX [ Yi A.
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Proof. By Theorem 2.5 respectively Theorem 2.4, there is a subsetC of [A]* such
that A= Candforeah S C h Si A. For each a 2 A choosef (a) 2 C
such that a2 f (a). f works for the corollary. O

Note that the function f constructed in the proof above hasthe following prop-
erty: Whenewer F is a family of subsetsof A which are closed under f, then
h Fi A. The existenceof such a function characterizestight - lteredness
sincethe family C of subsetsof A which are closedunder f and of size works
for (viii) in Theorem 2.5. It would be interesting to know whether the existenceof
a function asin Corollary 2.7 already characterizestight - Iteredness.

Theorem 2.5 also gives

Corollary 2.8. a) Every Boolean algeba A of size s tightly - Iter ed.

b) Every Boolean algebm of size * which hasthe -FN is tightly - lter ed.

c) Every tightly - Iter ed Boolean algeba hasthe -FN.

d) If a Boolean algeba A is a retract of a tightly - Iter ed Boolean algeba B,
then A is tightly - Iter ed, too.

Proof. a) follows immediately from (i) in Theorem 2.5 respectively from (ii) in
Theorem 2.4.

For b) let A be a Boolean algebra of size * which hasthe -FN. By Lemma
1.15,A is -ltered. Let S bea -skeletonof A consistingof -subalgebras.In S
choosea strictly increasingsequence(A ). + suchthat A= _ . A andfor
all < *,jA j= . By (i) of Theorem 2.5 respectively (ii) of Theorem 2.4, A is
tightly - Itered.

c) follows easily from (v) of Theorem 2.5, respectively (v) of Theorem 2.4.

Ford)letp:B! Aande:A! B behomomorphismssucthat p e= ida. By
Theorem 2.5 respectively Theorem 2.4, B has an additive -skeleton T consisting
of -subalgebras.Let T?be the set of those elements of T which are closedunder
e p. It is easyto seethat TCis an additive -skeletonfor B aswell. Now let

+

S:=fp[C]:C2T%:

Again, it is easyto seethat S is an additive -skeleton for A. We claim that S
consistsof -subalgebrasof A.

LetC2 T%and a2 A. Let Y be aconal subsetof C e(a) of size< . Then
p[Y] is a co nal subsetof p[C] a of size< . This provesthe claim.

By Theorem 2.5, respectively Theorem 2.4, A is tightly - Itered. O

3. Stone spaces of tightl y -fil tered Boolean algebras

The implication (i)) (viii) and the proof of (viii) ) (i) of Theorem 2.5 show that
for a tightly -Iltered Boolean algebrathere is a lot of freedom in the choice of
a tight -Iltration of A. This fact allows it to generalize some results of Kop-
pelberg ([17]) on Stone spacesof projective Boolean algebrasto Stone spacesof
tightly - Iltered Boolean algebras. Koppelberg used her results to show that for
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ead regular uncourtable cardinal there are only 2 pairwise non-isomorphic
projective Boolean algebrasof size . However, this doesnot work for tightly -
Itered Booleanalgebrasfor > @. In [5] it will be provedthat for every regular
there are 2 pairwise non-isomorphic Booleanalgebrasof size which are tightly
- ltered. Recall that tightly - ltered Boolean algebrasare tightly - Itered for
every uncourtable regular
Let A be a tightly -Iltered Boolean algebra of size and X its Stone space.
We are interested in the subspaceof X of points of small character.

De nition 3.1. Let M bethe subspaceof X that consistsof the ultra lters of A
which have character < . For BooleanalgebrasB C an ultralter p of B splits
in C i there are distinct ultralters qandr of C both extending p. O

Note that p splits in C i thereisc?2 C sud that p[ fcgand p[ f cg both
have the nite intersection property.

Theorem 3.2. Let A be atightly - Iter ed Boolean algeba of size whee <

is regular, andj j < holdsfor every < . LetX andM be asalove. Then
M is an intersection of subsetsof X which are unions of lessthan clopen sets
and is determined by a sulalgeba B of A of size< , i.e., thereis B A such
that jBj< and p\ B dcesnot split in A for anyp2 M .

Proof. For the rst assertionit is enoughto show that for every point p in the
complement of M thereisaseta, X nM sud that p2 a, and &, is the
intersection of lessthan  clopen subsetsof X .

Letp2 X nM . Thenthereisa -Itration (A%). of A suc that the following
hold for all <

a) p\ Al splits in A,
b) A°,, is -generated,but not < -generatedover A°.

This Itration can be constructed as in the proof of (viii)) (i) of Theorem 2.5
using the fact (p) = to get a) together with someextra care to get b). Now
this Itration caneasilybere ned to atight -ltration (A )< sud that p\ A
splits in A 4; for every ordinal < of conality

A momert's re ection showsthat for all < the seta of ultralters of A
which split in A 41 is an intersection of lessthan  clopen setsin the Stone space
of A . More exactly: Let x 2 A ,; besud that A (x) = A 4. An ultralter q
of A splitsin A 41 i g[ fxgandqg[ f xgboth are certered. Let I and| « be
co nal subsetsof size< of A x andA X respectively. Now g[ fxg and
g[ f xg both are certered i q is disjoint from I« [ | . But this holdsi the
point g in the Stone spaceof A is contained in the intersection of the clopen sets
corresponding to complemerns of elemeris of I [ | .

Forevery < letl beasubsetof A of size< which generatesthe Iter
corresponding to a .
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W.l.0.g. we may assumethat the underlying setof A is . Let

S:=f < : isalimit ordinal of co nality

and the underlying setof A is g:

Since is a regular cardinal larger than , S is a stationary subsetof . Let
f: ! be the mapping which assignsto each < the least upper bound of
| . Thenf isregressie on S. Hencethere is a stationary subsetT of S sud that
f isconstart onT. Let bethe valueoff onT. Since haslessthan subsetsof
size< , there is a stationary subsetU of T such that the mapping F : 7! |
is constart on U. Let | be the value of F on U and let a, be the corresponding
closedsubsetof X which is an intersection of lessthan  clopen sets. For every
ultralter g2 ap, andevery 2 U, g\ A splitsin A +1. Thereforeead q2 a,
hascharacter . Hencea, X nM . Finally, p2 a, by construction. This proves
the rst assertionof the theorem.

For the secondassertion supposethat M is not determined by a subalgebra
of A of sizelessthan . By a similar argumert as above, get a tight - Iltration

(A )< such that for every ordinal < of conality there is an ultra Iter
p2 M sud that p\ A splitsin A ;1. As above, there is a stationary subsetU of
consisting of ordinals of co nalit y and a subset| of A of size<  sud that

for every 2 U the lter generatedby | in A correspondsto the closedsubsetof
the Stone spaceof A of those ultra Iters which split in A .1 . Let a be the closed
subsetof X corresponding to | . a is an intersection of lessthan  clopen sets. By
construction, a\ M is non-empty. But all points in M have character lessthan

and all points in a have character because is regular. Thus M and a are
disjoint. This cortradicts the choice of the ltration. O

4. Boolean algebras that are rc-fil tered, but not tightl y -fil tered

In this section the argumerts will be mainly topological. Let us collect some
topological characterizations of the Stoneanduals of -embeddings.

Lemma 4.1. Let A be a sulalgebn of the Boolean algeba B. Let X and Y be the
Stone spaces of A and B respectively. Let :Y ! X be the Stonean dual of the
inclusion of A into B. The following statementsare equivalent:

@ A B

(i) For eachclopensetb Y, ( [b;X)<

(i) For eachclosal setb Y suchthat (b;Y)< , ( [b;X)<

Proof. Stone duality. O

Recall that for a closedsubseta of topological spaceX _the pseudo-taracter of
a is the minimal sizeof an open family F in X sudh that F = a. For a Boolean
spaceit su cien t to considerclopen families F. The pseudo-daracter of a equals
the character of a if X is compact.
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The concept of a symmetric power of a topological spacewas usedby Scepin in
order to get an openly generatedspacethat is not Dugundji or, in terms of Boolean
algebras,to get a Boolean algebrathat is rc- Iltered but not projective. We will
give a slight generalizionof his result.

De nition 4.2. Let X beatopological space.Let x bethe equivalencerelation
on X 2 that identies (x;y) and (y;x) for all x;y 2 X. Let SP’(X) := X2= .
If X is the Stone spaceof the Boolean algebra A, then SP?(X) is also a Boolean
spaceand the algebra of clopen subsetsof SP?(X ) correspondsto the subalgebra
SP?(A) of A A consisting of those elemeris which are xed by the automorphism
of A A that interchangesthe two copiesof A. O

Lemma 4.3. (Scepin, see [15]) SP? is a covariant functor from the category of
Boolean algebas into itself where the de nition of SP? on homomorphismsis the
natural one. Let A be a Boolean algeba. Then the emtedding SP°(A) | A A
is relatively complete. SP? is continuous, i.e., if (A )< is an asending chain of
sulalgebas of A, then

[ [

SPP( A)= SP*(A ):

< <
SP? preservescardinalities, i.e., if A is innite, then jAj=jSP?(A)j. SP*(A) is
rc- Iter ed provided that A is. O

It turns out that SP*(Fr( )) is not tightly -ltered if is large enough. This
will follow easily from

Lemma 4.4. Let A, B, and C be innite Boolean algebas such that the Stone
space of A hascharacter
Then
SP’(A B)[ SPP(A C)i6 SP’(A B C):

Proof. We prove the topological dual. Let X, Y, and Z be the Stone spacesof A,
B, and C respectively. To commencewe intro duce namesfor seweral mappings.
Let 2, and Z, denote the projections of (X Y Z)?onto (X Y)? and
(X Z)? respectively. Let denote the quotient map from (X Y Z)? onto
SPZ(X Y Z). It follows from Lemma 4.3that isopen. Let xy and xz
denote the projectionsof X 'Y Z onto X Y and X Z respectively. Now
SP?( xv) and SP?( x z) are alsode ned. Let

tSPA(X Y Z)! SPA(X Y) SP¥X Z);
P7! (SP?( xv)(P):SP*( xz)(P)
and P := Im . Note that is the Stoneandual of the inclusion from

P’ (A B)[ SP’(A C)i
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into SP’(A B C). The picture looks like this:

X Y

XN
<

(X Y)?

Z)?

XN
N

X 2z)?

SPA(X Y Z)
SPA(X YY) P SPA(X  Z)
SPP(X YY) SPX(X Z)

Here the mappingsthat are not labeled are the natural ones.

Now let U;; U, Y and Vi;V,  Z be non-empty, clopen, and disjoint.
Clam 1: [X U Vi X U, W]isclopenin SPA(X Y Z) but
( X U Vi X U V] hascharacter in P.

This claim together with Lemma 4.1 provesthe lemma. For its proof we need
Claim 2:

1 X U,

Vo] [

W = ( X U Wi V2]

[X Ul Vl X U2 [f Xg Ul V2 fXg U2 V]_]:

x2X
Proof of Claim 2: Let (ai;b;;c1;a2;bp; ) be such that
is contained in W but notin [X U Vi, X U
@;;%add;cd)2Xx U Vi X U V,sud that
( Nasbicsasbyc)=( )(&8;cad;;c)):
We may assumea; = a and a, = a3. Now the following holds: flby; bg = f1); g,
fci;c0=fcd;c0g, B 6 B, c? 8 ¢, and hencec; 6 ¢, and by 6 by.
Supposea; 6 a,. In this case

((a1; b1); (az; b))

(ar;by; ;80 p; ©2)
V,]. Then there is

x v ((a);1); (ad; 1))

and
(a;c1); (@2 02)) x z (a2 Y); (a3; <))

Moreover, b = i’ and ¢ = ¢ for i = 1;2, and hence

(ar;bi;c a0 ;)2 [X U Vi X U Vo

a cortradiction. Thus, a; = a,. Sincefby;b,g= fh); Mg and fc;; g = fcf; Jg,

(a;b;csan ;) x v oz (@%;00;¢;ad; 19; cY):
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Therefore
[
(ag; b0 80, b 02) 2 [fxg Ui Vo fxg Uy Vi

x2 X
Conversely leta2 X, b 2 Uj,and ¢ 2 V; fori = 1;2. Now

( )(&;by; cosa;bp;cr) = ( )(@;by;c;a; by c2)
2 ( X U Vi X U Vol

This nishes the proof of Claim 2.
Proofof Claim 1: [X U; Vi X U, V]isclopenin SP’(X Y Z)
since

(Y )X U Vi X U V]
=X U Vi X U V)[X U V. X U W

is clopenin (X Y Z)2.
For the character part of Claim 1 let 2[X] be the diagonal f (x; x) : x 2 X g of
X 2. Now

(( X U Vi X Uz Vo];P) |

[fxg Ui Vo fxg U, W]SPP(X Y 2Z)
x2X

(f Xg Ui VW, fXg U, V]_)

x2 X |

[[ (fxg Uz Vi fxg U Vo);(X Y 2Z)?
x2 X
( 2IXIEX®d  (X):

Here the last inequality can be seenas follows. Let = ( 2[X];X?) and let
fU : < gbealocal baseat ?2[X]. Foreah x 2 X and eath < pick
an open set U, X containing x suc that (U,)2 U . Now ( . U,)? =
- (U)? 2[X]. Hence _ U, = fxg. Thusx has pseudo-tharacter
Since X is compact, X has character . O

Now we are ready to prove a theorem which yields the promised examples of
rc- Itered Booleanalgebraswhich are not tightly - ltered.

Theorem 4.5. Let and beregular. SP?(Fr ) is tightly - lter ed i .

Proof. A := SP?(Fr ) is rc-ltered by Lemma4.3. In particular, A is - ltered for
every regular cardinal . For *jAj *. Hence, by the characterization
of tightly -Itered Booleanalgebras,A is tightly -ltered. This provesthe easy
implication of the theorem.

Now let > *. SupposeA is tightly -ltered. Then there is a function
f :A! [A]® asin Corollary 2.7. For S let SP(S) := SP?(Fr S) and consider
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this algebra as a subalgebraof A in the obvious way. Since SP? is cortinuous
and cardinal preserving, there are disjoint setsS;T 2 [ ]~ such that SP(S) and
SP(S[ T) are closedunder f. ChooseS® S| T sud that SP(SY is closed
under f and jS°\ Sj=jS°\ Tj= . Let Sg:= S°\ S and Tp := S°\ T. Finally,
chooseS; 2 [S] disjoint from Sp sudh that SP(Sp [ S1) is closedunder f. Since
SP(So[ S1) and SP(Sp [ To) are closedunder f and by the choice of f,

hSP(So [ S1)[ SP(So[ To)i A:
This contradicts Lemma 4.4. O

Clearly, this theorem implies

Corollary 4.6. For eachregular cardinal there is a Boolean algeba A suchthat
A is rc- Iter ed but not tightly - Iter ed. (]

5. Complete Boolean algebras and tight  -fil tra tions

Fuchino and Soukup ([11]) have shown that there may be arbitrarily large com-
plete Boolean algebraswhich are - Itered. More exactly, if CH holds and 0! does
not exist, then all complete c.c.c. Boolean algebrasare - Itered. In this section,
we look at the stronger property of having a tight - Itration. It turns out that no
in nite  complete Boolean algebra of size larger than @ is tightly - ltered. It is
sucien t to prove that the completion of the free Boolean algebra over @ gener-
ators has no tight - Itration, sincethe Balcar-Franek Theorem implies that this
algebrais a retract of every complete Boolean algebra of sizelarger than @.

Denition 5.1. For asetX let the Cohenalgeba C(X) over X bethe completion
of the free BooleanalgebraFr(X) over X. For X Y, C(X) will beregardedasa
complete subalgebraof C(Y) in the obvious way. O

Theorem 5.2. C(@) is not tightly - Iter ed.
The proof of this theorem uses

Lemma 5.3. LetZ R be uncountable, suciently large, and My;M; 4 H
suchthat Z Mg\ M and @\ (MinMg) and @\ (MgnM;) are in nite. Then

hC(@)\ Mo)[ (C(@)\ My)i 6 C(@):

Proof. We may assumethat @ C(@) and the canonical complete generatorsof
C(@) are preciselythe elemens of @. Note that A .= C(@)\ My C(@\ My)
andB = C(@)\ M; C(@\ M;). LetR:= @\ Mo\ M1, S:= @\ (MgnMy),
and T ;= @\ (MpnMyg). Let Apg := Fr(S) A, By := Fr(T) B, and Cq =
Fr(R) A\ B. Fix maximal antichains (Xq)q20 2 ®A¢ and (Yq)q2q 2 %Bo. Even
though S and T aretypically not elemeris of M, respectively M 1, there are in nite

setsS° SandT® T such that S°2 Mg and T°2 M. For example,for 2 S
the setf + n:n 2! gisasubsetof S and an eIen’IIDen of M. Therefore we may
assume(Xq)g2q 2 Mo and (Yq)q2o 2 M1. Letc:=  fx, yq:p;02 Q” p ag
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P
Foreathhr 2 Rletc = fxp yq:p;02 Q”p r qg. Note that for all
r 2 R\ Mo\ Mg,
X X
G = fxp:p2Q~ p rg fyg:02Q”"r 092 bA[ Bi:

Claim 1. Supposerg < < rp is a nite sequenceof realsand (a)icn 2 "A
and (b)i<n 2 "B are suc that p in aib % Then |, ¢, 6 ., ab.

Proof of Claim 1: Suppose ; G i«n @ibh. Fix rational numbers g,
i<n,suhthat ro < g < ry < < Gy 1< ry. Fori< nlet (@) 2'Ao,
de}‘)kg! ;(e)iz1 21 Co, and ()21 2 ' Bo besuch that & = ,, akdk and b =

2, Hel. Nowa b =" ,,, akd‘ellj. Inductively de ne sequencegij)j<, 2 "n
and (g)j<n 2 "Co asfollows:

Let ip < n be such that b, yq 6 O for someq < ¢p. i exists since ¢,

«n &ib. Let 12! besud that by, 6 Ofor someq< g and setep = €.
Since  ,,, akdelt = a b cpfor eahh k 2 ! with af x, 6 0for somep op,
d¢ ey = 0. Therefore epay, b, b<do

Now supposej + 1< n andi; and g have beenalready de ned sud that
X
( ) ej (aioho + + aij h,) Xp:
P<q

Let ij+1_< n besud that g by, yq 6 Ofor someq2 [g;G+1). ij+1 existssince
Criw ien @b By (), ij+1 6Xio;:i050j0.
Let 121 be such that gd . b Y6 0for someq< g. and put g1 =

1j+1
e €, . Again, since ., a‘ded=a b c foreahk2 L with al  xp60

for somep 41, d}‘j . &+ = 0. Therefore, g1 &, b, p<q; mp XP-
b By construction, (ij)j<n is a permutation of n. It followsthat e, 1 ., ab
p<qn 1 Xpo cortradicting the assumptionc;, i«n_@ilky. This provesClaim 1.

Claim 2: PA[ Bi c doesnot have a countable co nal subset.

Proof of Claim 2: Let D be a courtable subsetof PA[ Bi c. Every elemen
d2 D is of the form = ., ajh for somen 2!, (a)icn 2 "A, and (B)isn 2 "B.
Therefore by Claim 1, for every d 2 D there are only nitely many r 2 R sud that
¢ d. Thus,thereisr 2 Z such that ¢, 6 dfor everyd2 D. Sincec, 2 hA[ Bi
andc, ¢, Disnotconal in PA[ Bi c. This provesClaim 2 and concludesthe
proof of Lemma 5.3. O

Proof of Theorem 5.2. Assume on the cortrary that C(@) is tightly - Itered.
Then by Corollary 2.7, there is a function f : C(@) ! [C(@)]® such that for
all subalgebrasA; B C(@) which are closedunder f, PA[ Bi C(@).

LetZ Rbeofsize@. Let besuciently largeand x Ng;N; 4 H such that
f 2 No\ N1, Z No\ N1, Ng  Njz,andjNo\ @j=j(N1nNpg)\ @j= @. LetM; 4
N; besuch that f 2 M4, Z My, and jM1\ No\ @j=jM1\ (N1 nNpg)\ @j=
@. Finally, let Mg 4 Ng be such that f 2 My, Z Mo, and jMo\ @ j=
iMonM1)\ @j= @. Sincef 2 Mg\ M1, C(@)\ Mg and C(@)\ M; are closed
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under f . However, by Lemma 5.3,
hHC(@)\ Mo)[ (C(@)\ My)i 6 C(@):
A cortradiction. O
Theorem 5.2 easily implies
Corollary 5.4. No complete Boolean algeba A of size @ is tightly - Iter ed.

Proof. Let A be a complete Boolean algebra of sizeat least @. By the wellknown
Balcar-Franek Theorem, Fr(@) embedsinto A. By the completenessof A, this
embedding extendsto C(@). Since Fr(@) is densein C(@), this extensionis an
embedding as well. By the completenessof C(@), C(@) is a retract of A. Thus,
by Corollary 2.8, C(@) is tightly -Itered if A is. SinceC(@) fails to be tightly

- ltered by Theorem 5.2, sodoesA. O

Corollary 5.5. A complete Boolean algebe A is tightly -lteredi A has the
WFN and jAj @. In particular, P(!) is tightly -Iter edi it hasthe WFN and
2@ @.

Proof. A Booleanalgebra A of size @ which hasthe WFN is tightly - ltered
by Corollary 2.8. On the other hand, if A is complete and tightly - ltered, then
jAj @ by Corollary 5.4 and A hasthe WFN by Corollary 2.8. O

5.1. The pseudo pro duct of Cohen forcings. While sofar the only known way
to obtain a model of : CH+ WFN(P (!)) is to add Cohenrealsto a model of CH,
there is somefreedomin the choice of the iteration usedfor adding the Cohenreals.
In [10] Fuchino, Shelah,and Soukup introduced a new kind of side-by-side product
of partial orders.

Denition 5.6. Let (Pj)i2x be a family of partial orders where eah P; has a
largest elemert 1p,. As usual,for p2 =, Pi let supp(p) := fi 2 X :p(i) 6 1p, 0
be the support of % Let ~,x Pi:=fp2 ~,,« Pijsupp(p)] @g be orderedsud
that for all p;q2 ~;,4 Pi,

p g, 8i2X(p(i) qiN"jfi2X :p(i)6qi)6 lpd< @: O

Among other things, Fuchino, Shelah, and Soukup proved the following about
this product:

Lemma 5.7. Let (P;)i2x be asin the de nition alove.
Q T Q
a) ForeveryY = X, "i;x = iy i2Xny -
b) Under CH, ~,,, Fn(!;2) satis es the @-c.c. and is proper. O

Forcing with Qizx Fn(! ; 2) for someuncountable setX overamodel of CH gives
a model of the combinatorial principle | , aswasshown in [10]. | is a prediction
principle on @ and follows from , but is, unlike , consistert with : CH. We will
show that P(!) hasthe WFN after forcing with ~,,, Fn(!;2) over a model of
CH, provided jX| is smaller than @ . We will usethe well-known
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Lemma 5.8. Assumethat the partial order P is the union of an increasing chain
(P )< of completely emtedded sulorders. Let G be P-generic over the ground
modelM and for each < letG = P \ G. If hasuncountable co nality,

then for everyreal x 2 M[G] thereis < suchthat x 2 M[G ]. O

A proof of this lemma can be found in [1].

Theorem 5.9. Let < @ be an uncountable cardinal and suppse CH holds. Let
P:= "_ Fn(;2). Then

p WEN(P(!)) and 2@ = :

Proof. Let M be the ground model satisfying CH and let G be P -genericover M .
It follows from Lemma 5.7 that P is cardinal preserving and that the continuum
is in M[G]. Throughout this proof we will use Lemma 5.7 without referring to
it anymore. For eah X with X 2 M consider Py = ox Fn(!;2) asa
suborder of P in the obvious way and let Gx := Px \ GandPyx := (P (! ))MICx],
(P ) is continuous at limit ordinals of uncountable co nalit y by Lemma 5.8.

Claim. In M[G]: Foreah < ,P P().

Proof of the claim: We arguein M[G]. Let < . Letx2 P(!). By @-c.c. of
P, in M thereis a subsetX of of size< @ sudc that x 2 Px. By Lemma 5.8,
in M there is a countable subsetY of X n suc that x 2 M[G ][Gy]. The set
D = fp2 Py :supp(p) = Ygisdensein Py. Thusthereisp2 Gy \ D. It is easy
to seethat Py #p:= fq2 Py : g pgis isomorphicto Fn(! ;2). Therefore, there
is a Cohenrealr over M[G ]in M[G] such that x 2 M [G ][r]. It wasshown in [8]
and in [23] that

MIG JIrTE (P(!)\ M[G ]) x hascountable co nalit y:

By propernessof P, P X has countable co nality in M[G]. This nishes the
proof of the claim.

Now it follows by induction on the sizeof that WFN (P (! )) holds in M [G].
The induction usesLemma 1.14and the fact that WFEN (P (! )) holdsunder CH. O

Applying part b) of Corollary 2.8 we get

Corollary 5.10. Forcing with Q < @ Fn(! ;2) over a model of CH givesa model
of settheory wher P (! ) is tightly - Iter ed. O

6. Automorphisms of P(!)=fin

In [23] Shelah and Steprans shawved that in the Cohen model there is a non-
trivial automorphism of P (! )=fin, that is, an automorphism which is not induced
by a bijection betweentwo co nite subsetsof ! . Koppelberg ([16]) indicated how
this result can be proved using the tight - lteredness of P (! )=fin in the Cohen
model.
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Howewer, it turns out that it is not necessaryto assumethat we are working in
the Cohenmodel. Let MA(countable) denotethe statemert “Martin's Axiom holds
for all courtable partial orders'. In [6] the following is proved:

Lemma 6.1. If 2@ < @, then WFN (P (! )) implies MA (countable). (]

MA(countable) allows it to extend isomorphismsbetween small -subalgebras
of P (! )=fin. More exactly, the following holds:

Lemma 6.2. Let A be a -sukmlgebm of P(!)=fin of size< 2@, f : Al P(!)
an embedding, and x;y 2 P (! ). Then MA (countable) implies that f extendsto an
emiedding f : A(x)! P(!)=fin suchthat f (x) 6 y.

Proof. This lemma seemsto be well known. Except for the f(x) 6 y'-part, a
proof is cortained in [16]. It is easyto getan f with f(x) 6 y from Koppelberg's
argumert aswell. O

Recall that an ultralter x P (!)=fin is a p-point if for every countable set
C xthereisa2 x suchthat a bfor every b2 C. Using Lemma 6.2 together
with Theorem 2.5, we get

Theorem 6.3. Supmsethat P (!) is tightly - Iter ed. Then

a) P(!)=fin has 22 automorphisms. In particular, there are non-trivial auto-
morphisms of P (! )=fin.

b) the automorphism group of P (! )=fin is simple.

c¢) for anytwo p-points x;y P (! )=fin thereis an automorphismh of P (! )=fin
suchthat h[x] = vy.

d) for every antichain (a,)n2: in P(!)=fin, all n 2 !, and all automorphisms
h, of P(!)=fin a, there is an automorphism h of P (! )=fin such that for
everyn2!,h (P()=fin a,) = h,.

Proof. AssumeP (!) is tightly -Itered. By Corollary 5.4, the continuum is at
most @. By Lemma 2.8, a Boolean algebra of size @ is tightly -ltered i it
hasthe WFN. Using the countabilit y of f in, it is easily seenthat WFN (P (! )) and
WFEN (P (! )=fin) are equivalert. It followsthat P (! )=fin is tightly - ltered.

For a) note that there are only 2@ trivial automorphism of P (! )=fin. Thus
P (! )=fin hasa non-trivial automorphism if it has more than 2@ automorphisms.
Under CH, it was essetially showvn by Rudin ([18]) that P (! )=fin has 22% auto-
morphisms. Hencewe may assume2® = @.

Wewill construct afamily (h¢ )2 22 Of pairwise distinct automorphismsof P (! ).
By the tight - Iteredness of P (! )=fin together with Lemma 2.5, there is a con-
tinuous chain C of ordertype! , of -subalgebrasof P (! )=fin of size@ such that

C= P(!)=fin. By induction on < 22 ordered by inclusion, for every f 2 < 22
we pick an algebra C; 2 C and de ne an automorphism h; of C; sud that the
following two conditions hold:
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() Foreahh f 2 '22, (Cf )« , and (hf )« , are cortinuously increasing
chains.
(i) Iff;g2 < 22andf and g are incomparable, then soare h; and hy.

Note that by Lemma 6.1, MA(countable) holds and therefore we can apply Lemma
6.2. The limit stepsof the construction are completely determined by the contin uity
requiremernts.

Now let f 2 < 22 and suppose C; and h; have already beende ned. Using
Lemma 6.2, we get two incomparable extensionsgd and g} of h; . Of course,typi-
cally g and g} are not automorphisms of their domains and thesedomains are not
elemerts of C. However, we can perform an induction of length ! ; using a back-and-
forth argument and some book-keeping to get cortinuously increasing sequences
(g°)<!Sl and (g') « , of partial isomorphismsof P (! )=fin sud that for all i 2 2,

g == . ,d isan automorphism of its domain and dom(g®) = dom(g') 2 C.
In this induction Lemma 6.2 is used at the successorsteps in order to extend
the given partial isomorphisms. Recall that if A P (! )=fin, then for every

X 2 [P(!)=fin]@® westill have A(X) P (! )=fin by part d) of Lemma1.2. This
keepsthe induction going. For i 2 2 let h¢_ (; := ¢' and C;_ ;) := dom(g').

Having succeededn the construction of C; and h; for all f 2 < 22, for eath
f 2'22lethy := ~_ _h . SinceC has ordertype ! », for every f 2 '22,
dom(hs) = P (! )=fin. Clearly, the family (hs )2, is asdesired. This concludes
the proof of part a) of the theorem.

The argumerts for part b), c), and d) follow the samepattern asthe argumert
for part a) and usesomeadditional ingredients from the proofsthat b), c), and d)
hold in the Cohen model. For the Cohen model, b) is due to Fuchino ([4]) and c)
and d) are due to Steprans([24]). O

Note that c¢) and d) together imply that every sequence(x,)n2: Of p-points
in P(!)=fin can be mapped onto any other sequence(y,)n2: Of p-points by an
automorphism ([24]).
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