PREPARATION FOR THE FINAL EXAM MATH 170, FALL 2007

STEFAN GESCHKE

Problem 1. Show that there is a positive real number a such that a? = 3. In
other words, show that V/3 exists.

Proof. Consider the function f(x) = x2. Clearly, f(1) = 1, f(2) = 4 and f is
continuous. Hence, by the Intermediate Value Theorem, there is a number a € [1, 2]
such that a? = f(a) = 3. O

Problem 2. Show that

Proof. Let M > 0. Let e = 1/vVM. If x > 0 and = < &, then 1—12 > E% = M. This
shows that for every M > 0 there is € > 0 such that for all z > 0 with x < ¢ we
have x% > M. O
Problem 3. Show, using the definition of the derivative as a limit, that for every

r € R we have (222 +1)' = 622
Proof.

(2x3 + 1)/ — lim (Q(I + h)‘3 + 1) _ (21,3 + 1) _

h—0 h
i 2(2® + 32%h + 3zh? + h3) +1—-22° -1
h—0 h -
. 223 4+ 62%h + 6zh% 4 203 — 223
lim —
h—0 h
6x2h + 6xh? + 2h3
Jim T OTRTH I g (622 + 60k + h2) = 62
h—0 h h—0

O

Problem 4. Show that for every real number ¢ the equation x* 4 4z + ¢ = 0 has

at most two real roots.

Proof. Let ¢ be any real number. Let f(x) = 2*+4x+c. This function is continuous

and differentiable. Therefore Rolle’s Theorem applies, i.e., between any two zeros

of f there is a zero of f’. It follows that f can have at most one zero more than f’.

But f/(z) = 42® + 4. If f'(z) = 0, then 423 = —4 and hence x = —1. It follows

that f’ has only a single zero. It follows that f cannot have more than 2 zeros. [
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Problem 5. Show that two antiderivatives of the same function only differ by a

constant.

Proof. Let F' and G be antiderivatives of f. Then for every z, (F — G) (z) =
F'(z)—G'(z) = f(z) — f(z) = 0. Now assume that F'— G was not constant. Then
there are 21 and x5 such that zy # a2 and (F — G)(z1) # (F — G)(z2). By the

Mean Value Theorem there is some x such that

F—G)(JH)_(F_G)(JH) 7&0

contradicting the fact that (F — G)'(z) = 0 for every x. It follows that FF — G is

(F -Gy () = ¢

constant. O
Problem 6.
) . 2t —Tr+1 I 1—3%34—;14 1
a im —————— = im —=% 2% = z
z—o0 374 + 10000z e—oo 34 10000 3

1
b) lim(sinz-Ilnz) = lim % =lim —2— =
z—0 r—0 0 —===

rs() — CoszT
sin x sin? x

—sin’z . —2sinxcoszx —2-0-1
im = lim - = =0

z—0 I COSX z—0 cosSx — rsinx 1-0-0

Problem 7.

/ . / . . v sinh(arcsin z)
a) f'(z) = (cosh(arcsinz))’ = sinh(arcsinz) - (arcsinz)’ = ———=

V1—2?

b) f/(.’L‘) _ (mlnx>/ — (eln(xl"x))/ — (e(lnx)2)/ _

eno)® . (Inz)?) = ™ 9 Ing . 1 2-zm* i ng
x

Problem 8.
3z 2 3z 1 3
a) (e +  z%)dz = e + -z 4+ C
b) We have
/tanxdsc = / Smwdz.
cosx
Now substitute u = cosz. This yields j—;‘ = —sinz and thus sinxdr = —du. The

integral becomes
—/ldu: —Inu+C=—1Incosz + C.
u
Problem 9.
1 2 2 1
a) / 2xe” dx = [em } = e — 1
0 0
b) We have
T/(3
/ (x + cosx) dr = [3lnz +sinz]; =3In7 +sinm —3In0 — sin 0,
0

but In0 is undefined and hence we cannot compute this integral. (Sorry for this!)
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Problem 10. Let f be a continuous function defined of the interval [a,b]. Write

down the formal definition of the real number f; f(z)dx.

Answer. For each integer n > 0 and every i € {1,...,n} let Ax, = b_T“ and

ZTni=a+1i Az, Now

/b f(z)dz = lim (i f(@ns) - Awn>
a n— oo =
(I

Problem 11. State the Fundamental Theorem of Calculus in one of its two forms.
The book calls the two forms Part 1 and Part 2, but really they are the same

theorem.

Answer. Part 1: Let f be a continuous function on the closed interval [a,b]. Then

the function g(z) defined on [a, b] by

o) = [ " f(tye

is an antiderivative of f on (a,b).
Part 2: Let f be a continuous function on the closed interval [a,b] and let F' be

an antiderivative of f. Then
b
/ f(@)dx = F(b) — F(a).
O

Problem 12. The speed of a car at time ¢ € [0,1] is given by f(t) = —90t% + 90¢.
The time is given in hours, the speed in miles per hour. What is the maximal
speed? What is the distance traveled at time ¢t = 17

Answer. The distance traveled (in miles) is

1 1
/ ft)dt = / (—90t% 4 90t)dt = [—30t3 + 45t2)} = 15.
0 0
In order to find the maxima of f(t), we calculate the derivative.
f'(t) = —180t + 90

Therefore f'(t) = 0 if and only if ¢ = 1/2. Clearly this is a global maximum. The

maximal speed (in miles per hour) is

1 1



