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Abstract

We give herein analytical formulas for the Hermite collocation solution of the
steady-state convection-diffusion equation with constant coefficients defined on a
uniform mesh in one spatial dimension. Both Dirichlet and Neumann boundary
conditions are considered. Analysis is provided which compares the discrete col-
location solution to the continuous solution. Unlike the solution obtained via the
central difference discretization, the collocation solution is proven to be oscillation
free, irrespective of the value of the Péclet number. For modest Péclet numbers, the
collocation solution is shown to provide an excellent approximation to the solution
of the continuous problem.

1 Introduction

In this paper, we study the numerical solution of the steady-state convection-

diffusion equation ,

—D% + v;l—z =0, (1)
where the diffusion constant D and velocity constant v are both positive. In par-
ticular, we derive analytical formulas for the Hermite collocation solution of (1) on
a uniform mesh.

It is well known (see, for example, [2]) that the solution of the standard central
difference discretization of (1) exhibits oscillatory behavior that is not present in
the continuous solution of (1). The formulas we derive show, in contrast, that the
Hermite collocation solution of (1) does not suffer from these undesirable oscilla-
tions.



Although collocation has been widely studied, there has been very little work
done on deriving analytical formulas for collocation discretizations of differential
equations. In a previous paper ([1]) we give analytical formulas of the collocation
solution of the ordinary differential equation (with appropriate boundary conditions)

£
dx?

where 7y is a given constant. The present paper may be viewed as an extension of

+yu =0,

the previous one.

This paper is organized as follows. We first describe the collocation discretization
of (1). We then derive analytic formulas for the solution of this discretization,
from which we show that the collocation solution of (1) is oscillation free. We
then compare the continuous solution and the collocation solution. After providing
examples that illustrate the theory discussed herein, we conclude this paper with a
short section summarizing our results.

2 Hermite Collocation Solution of Our Differ-
ential Equation

To begin, the differential equation (1) is defined on the interval Z = [0, 1]. Appropri-
ate Dirichlet and/or Neumann boundary conditions are included. We partition the
interval Z into m uniform subintervals, each of length h, by 0 = 2o, x1,29,...,Zm =
1. Note z; = jh and mh = 1.

The discretization proceeds by introducing a piecewise Hermite cubic interpo-
lating polynomial

(@) =Y [uif; (@) + wjg; ()] (2)
Jj=0
into the differential equation (1), obtaining
d*u  du
p&l i Mg

where E(z) is an error function.
The Hermite basis functions, defined for n € [—%, %], are

(1+217)2(1—77), xj,lgmzwj—i-(n—%)hgmj
(L=20)?(U+n), zj<z=zj+(n+3)h<an (4
0, otherwise

fr(n) =
file) =9 fr(n) =

N[ DN

and

gLm) =%@n+1)*@n-1), w1 <z=z+(n-5)h<z
2n—1)%(2n+1), xjgx:xj+(n+%)h§xj+1 (5)

0, otherwise.
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Note that @ in (2) interpolates the values u; = u(z;) and u; = g—z(xj), j =
df; dg;
0,1,...,m, because f;(ry) = 0ji, % (zr) = 0, g; (xx) = 0, and %(xk) = 0jk-

Here 4, is the Kronecker symbol.

It is clear that (3) has 2 (m + 1) coefficients, namely u; and uj, j =0,1,2,...m.
However, the imposition of boundary conditions reduces this number to 2m. To gen-
erate the 2m equations necessary to find these undetermined coefficients, we enforce
that the error function E(z) in (3) is identically zero at two distinct “collocation
points” in the interior of each of the m subintervals.

Given certain smoothness conditions, the optimal (in terms of minimizing dis-
cretization error) location of the collocation points within each subinterval corre-
sponds to the points of Gaussian quadrature [3]. In this work, we will use these
optimal collocation points, which correspond to choosing the collocation points as

n = £ (see (4) and (5)) in each subinterval [—l l] (given in local 1) coordinates).

V12 2°2
It is straightforward to see that choosing the collocation points in this manner

leads to a matrix equation with the repeated computational molecule
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(6)
for j =0,1,2,...,m — 1. Here ¢; = uj and r; = uj}, j = 0,1,2,...,m. Note that
the matrix equation represented by (6) is a system of 2m equations in 2(m + 1)
unknowns.

3 Analytical Solution of Collocation Discret-
ization

We begin by separately adding the two equations in (6) together and then sub-
tracting the first from the second. We then multiply each term in the first of these
equations (i.e., the one obtained via addition) by % and multiply each term in
the second of these equations (i.e., the one obtained via subtraction) by #,
producing the molecule

123 128 q;
- 12 5 T2 y 0
S| (7
.
25oep+p* 82 ep—-p2 ]| ) 0
Jj+1
j=0,1,2,...,m — 1. The dimensionless parameter g = h—lg is known as the Péclet

number.
If we now add the two equations in (7) together, we eliminate ¢; and gj;1,
obtaining
Tj+1 = PTy, (8)



where

_ BP46p+12
P= 8 "6p 112
Additionally, manipulation of the first equation in (7) yields the relation

h
Qj+1 — ¢ = E(Tj-l-l - 7). (10)

(9)

We now use (8) and (10), combined with appropriate boundary conditions, to
determine formulas for ¢; and rj, in terms of only the boundary conditions, the
parameter p, the Péclet number 3, and the number of subintervals m. We note that
the use of a Neumann-type boundary condition at both endpoints of the domain of
the differential equation (1) results in an ill-posed problem and thus this case will
not be considered further.

Below we consider separately the three remaining combinations of Dirichlet and
Neumann boundary conditions. The formula for the sum of a finite geometric series

—1 Vi

pr—1
d. =" (1)
k=0 P

will be used in each case.

3.1 Case I: u(0) =qy = by and u(1l) = ¢, = b1.
Repeated application of (8) gives
i = p'ro; (12)
thus ‘
ri+1 —r; = (p—1)p'ro.
Therefore, letting

h
o= E(p — o, (13)
we obtain from (10) '
gj+1 =q; +op’. (14)
Using (11) and (14), we now write, for j =1,2,3,...,m,
el (15)
q; = 40 « p— 1 )
thus, from (13) we arrive at (for j = m)
B(br — bo)
’)”0 = . ].6
W = 1) (18)
Therefore, using (12), we have

Ty pm—l
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In addition, it follows directly from (13), (15), and (16) that

by —b .
qj=b0+p1n_§(pf—1)- (18)

With the boundary conditions under consideration, the continuous solution of
(1) and its derivative with respect to z, both evaluated at z; = jh = %, are

by — b .
u(wj) = by + eﬁlm _01 (% -1) (19)

(compare to (18)) and

_ Bm (b — by) P

' (25) “ohm 1 (20)

(compare to (17)).

3.2 Case II: u(0) = ¢o = by and /(1) =y, = b].
Repeated application of (8) gives

rj=bip (21)
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Figure 2: Comparison of discrete and continuous solutions: g =1

Also, using (8), we obtain

riq1— 15 = (p—1)r;.
Thus, using (10) and (21), we have

h i—m
e [t LT (22)
Using (11) and (22), we conclude, for j =1,2,3,...,m,
/

b .
q; =bo + Bmlpm (v = 1).

(23)
With the boundary conditions under consideration, the continuous solution of
(1) and its derivative with respect to z, both evaluated at z; = jh = %, are

v, :
u(ey) =bo+ g g (e —1)

(compare to (23)) and

(24)
o (5) = bh U™
(compare to (21)).

(25)
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Figure 3: Comparison of discrete and continuous solutions: g = 2

3.3 Case III: «/(0) = ry =0y and u(l) = g,

b1.
Repeated application of (8) gives

rj=byp. (26)
Using (10) and (26) provides

— 1D, .
quQjJrl_(pﬁT)Op]

which, in combination with (11), gives

by |,
g =bi+ = (p) = p™). (27)
Bm
With the boundary conditions under consideration, the continuous solution of
(1) and its derivative with respect to z, both evaluated at z; = jh = L, are

bt ;
u(zj) = by + —Bron(eﬂ] — eﬁm)
(compare to (27)) and

(28)

u(z)) = b’ (29)
(compare to (26)).



4 Analysis

In this section we provide two analyses. We prove that the collocation discretization
of (1) is oscillation free, which is in contrast to central differencing. We then compare
the accuracy of the discrete collocation solution with respect to the continuous
solution.

4.1 No Oscillations in Collocation

For Péclet numbers greater than 2, the standard central difference discretization
of (1) produces spurious oscillations. For example, let the boundary conditions be
u(0) = 0 and u(l) = 1. If we let qjCD be the central difference approximation to
u(z;), then the solution obtained is (for 8 # 2) [2]

cp_ N -1

where

If 6 > 2, then A\ < —1. Thus qjCD and qjCJrDl have opposite signs; i.e., the central
difference solution oscillates. On the other hand, the continuous solution of the
boundary value problem is (take (19) with by = 0 and b, = 1)

Bi_1

e
which, since § > 0, is monotonic.

With respect to (18), (23), and (27), it is clear that the issue of whether the
collocation solution oscillates rests on the behavior of p/. However, since the Péclet
number [ is always positive, it is easy to show that p, defined in (9), is always
greater than unity. Thus the collocation solution cannot oscillate.

4.2 Comparison of Collocation and Continuous Solu-
tions

When we compared the discrete collocation solution to the continuous solution in
the previous subsection, in all instances the relevant difference between the two was
that the role of e® in the continuous solution was played by p in the collocation
solution. To see how good an approximation p is to e?, we expand each in a Taylor
series about 5 = 0:

1 1 1 1
-1 L2 a3, Lo 5 6
p +6+2ﬁ +65 +24ﬁ +144B + 0(B°)

1 1 1 1
B _1q 102, 153 4 5 6
e +5+25 +65 +245 +120ﬁ + O(5°)
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Figure 4: Comparison of discrete and continuous solutions: g =3

The graphs of these two functions are given in Figure 1.

By examining Figure 1, we see that p and e are visually indistinguishable for
0 < B < 1.5. As f increases from 1.5, the approximation of e that p provides
worsens. Thus we expect the collocation solution of (1) to do an excellent job
approximating the continuous solution for Péclet numbers less than 1.5. As we let
the Péclet number increase from 1.5, we expect that the collocation approximation
to the continuous solution becomes commensurately of poorer quality.

5 Examples

Here we provide numerical evidence to support the theoretical conclusions we made
in the previous paragraph. We solve the differential equation (1) with boundary
conditions 4(0) = 1 and u(1) = 0. For all examples, we use m = 20 and D = 0.025.
We select v to produce Péclet numbers § = 1,2,3,6,12. The graphs in Figures 2
through 6 are obtained by plotting the values ¢; and u(z;). In all cases, the data for
the discrete collocation solution (the g;’s) are interpolated linearly using a dashed
line while the data for the continuous solution (the u(z;)’s) are interpolated linearly
using a dotted line.
In examining Figures 2 through 6, we see that for Péclet numbers 8 = 1 and
B = 2, the discrete and continuous solutions are visually indistinguishable. When
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Figure 5: Comparison of discrete and continuous solutions: g = 6

B = 3, we see a small difference between the two solutions at z; = 0.95. When the
Péclet number increases to 6 and then to 12, the differences between the discrete and
continuous solutions become more pronounced. This is consistent with the behavior
observed in Figure 1, where the approximation of € produced by the collocation
method (i.e., p) becomes progressively worse as [ increases from the value 2.

We observe also that when the discrete and continuous solutions diverge from
each other, it is near the right-hand boundary condition. This is due to the fact that
both continuous and discrete solutions are exponential in nature: as the exponent j
increases, the difference between p/ and €%/ increases commensurately (see (18) and
(19)). Furthermore, as /3 increases, the rapid change that the continuous solution
exhibits near x = 1 becomes more pronounced. However, the discrete collocation
solution is not capable of capturing this sharp front for larger values of 8. Qualita-
tively, we may say that the collocation solution “smears” the sharp solution profile
of the continuous solution (for larger values of the Péclet number).

6 Summary and conclusions

In this work we derived analytical solutions of the Hermite collocation discretiza-
tion of the one-dimensional steady-state convection-diffusion equation with constant
coefficients defined on a uniform mesh. All possible combinations of Dirichlet and



\
\
— — discrete
continuous

'

[

I I I I I I
0.1 0.2 0.3 0.4 0.5 0.6

Figure 6: Comparison of discrete and continuous solutions: § = 12

Neumann boundary conditions were considered. The collocation solution was proven
to be oscillation free, unlike the standard central difference discretization. Excellent
agreement between continuous and discrete collocation solutions may be expected
when the Péclet number is no greater than 2. However, for Péclet numbers be-

yond this value, agreement between continuous and discrete solutions deteriorates,
particularly at values near the right end of the domain.
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