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This paper is concerned with the numerical solution of Poisson’s equation with Dirichlet bound-
ary conditions, defined on the unit square, discretized by Hermite collocation with uniform mesh.
In [1], it was demonstrated that the Bi-CGSTAB method of van der Vorst [2] with block Red-
Black Gauss-Seidel (RBGS) preconditioner is an efficient method to solve this problem.

In this paper, we derive analytic formulae for the eigenvalues that control the rate at which
the Bi-CGSTAB/RBGS method converges. These formulae, which depend upon the location of
the collocation points, can be utilized to determine where the collocation points should be placed
in order to make the Bi-CGSTAB/RBGS method converge as quickly as possible. Furthermore,
using the optimal location of the collocation points can result in significant time savings for
fixed accuracy and fixed problem size. © 2001 John Wiley & Sons, Inc.
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[. INTRODUCTION

The Bi-CGSTAB method of van der Vorst [2], combined with a block Red-Black Gauss-
Seidel (RBGS) preconditioner, was shown in [1] to be an efficient method of solving gen-

Numerical Methods for Partial Differential Equations 17, No. 3, 1?7 (2001)
© 2001 John Wiley & Sons, Inc. CCC 777
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eral linear partial differential equations in two spatial dimensions with Dirichlet and/or
Neumann boundary conditions, discretized by Hermite collocation.

We study herein the specific case of Hermite collocation applied to Poisson’s equation
with Dirichlet boundary conditions on a uniform mesh, solved by Bi-CGSTAB/RBGS.
We derive analytical formulae for the eigenvalues that control the rate at which Bi-
CGSTAB/RBGS converges. Because these eigenvalues depend on the location of the
collocation points, we are motivated to investigate if the speed of convergence can be
enhanced by changing collocation point location. We find that the collocation points can
be positioned in an optimal way to maximize the speed of convergence.

This paper is organized as follows. We first provide an overview of preliminary mate-
rial. We then produce a lengthy analysis that culminates in formulae for the pertinent
eigenvalues. This is followed by a discussion of locating the collocation points in an op-
timal way to accelerate the rate of convergence. Finally, numerical experiments indicate
that placing the collocation points optimally results in significant savings in solving time
for fixed accuracy and fixed problem size.

[Il. PRELIMINARY MATERIAL

Details and derivations of this introductory material can be found in [1].
We wish to solve Poisson’s equation

0’u  O%u
—+-—=H(x 2.1

ot + g = H@) 1)
with Dirichlet boundary conditions, on the unit square S = [0, 1] x [0, 1] with a uniform
mesh of m? square finite elements (m must be even), discretized by Hermite collocation.
Let each of these square finite elements be described in a local coordinate system as

EHNEL]

In order to define a well-posed problem, we require four collocation points per finite
element. With reference to (2.2), we set these collocation points to be at coordinates
(_67 _E)v (_Eag)) (E: _E)v (6)6)) where 0 < E < %

It is well known, given certain smoothness conditions, that to minimize discretization
error, one chooses the collocation points within each finite element to coincide with the

points of Gaussian quadrature [3]. This is equivalent to selecting ¢ = \/%, from which
we obtain O(h*) discretization error, where h = L. If £ # \/%, then the discretization

error is O(h?). We initially use the Gaussian value of £ = \/% in the eigenvalue analysis

that follows. Later, we will generalize our analysis to allow £ to assume any value in the
interval (0, %)

We utilize the Red-Black numbering of equations and unknowns described in [1] to
discretize (2.1) via Hermite collocation, obtaining the matrix equation

Ax = b, (2.3)
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whose block structure is

Ar Br r ve 7 T b
F F
A Co B v b
As C> Bj vs by
Am—B 1 Om74 Bm,3 Vo3 bm,3
L CL vy _ by @2.4)
Cr Do Ao Vo bo
B A2 V2 b»
Cs .
B . Bm74 Am,4 Vm—4 bm74
L Cm-3 Br Ay | LVm—2 L br_s |

which we abbreviate

Our RBGS preconditioner is

[ll. EIGENVALUE ANALYSIS

As reported in [4], the rate at which preconditioned conjugate gradient methods (like
Bi-CGSTAB) converge “depends on the global eigenvalue distribution [of P~!A] more
than anything else.” (P is normally chosen so that P7'A ~ I, where I is the identity
matrix of appropriate size.) We are thus motivated to find analytical formulae for the
eigenvalues of P~ A, buoyed by the knowledge that analytical formulae for the eigenval-
ues associated with solving (2.3) via the block Jacobi, Gauss-Seidel, and SOR (successive
overrelaxation) methods were determined in [6]. Indeed, we use results reported in [6]
in our discussion below as well as using the general approach of [6] as a model for deter-
mining the eigenvalues of P~1A. We will use the term spectrum of a matrix to refer to
the set whose entries are the eigenvalues of the matrix and denote the spectrum by o.
We thus seek o (P~1A4).

At times, we will want to consider the vector whose entries are those of the set
o (P7'A). We will use the same notation, i.e., o (P~'A), for both the vector and
the set. We expect that this slight abuse of notation will not be confusing.

A. Reformulation of the Problem

To make the problem of finding eigenvalue formulae tractable, we introduce two new
matrices. First, we replace matrix A by the matrix AK, where K is a diagonal matrix
whose nontrivial entries are non-negative integer powers of m. Introduction of matrix K
in this regard is equivalent to implementing the scaling procedure introduced in [5] and
utilized in [6] and [7].

Secondly, we note that all the blocks of matrix A with numbered subscripts in (2.4)
have the same size, namely 4m x 4m. However, the blocks with lettered subscripts have
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different sizes. Ar and Ay, are 2m x 2m, Br and Cf, are 2m x 4m, and By, and Cr are
4m x 2m.

In order to obtain a matrix where all the blocks have the same size, a similarity
transformation which permutes the rows and columns of the matrix in (2.4) is performed
such that the structure of each block is altered but the overall block structure in (2.4) is
maintained. The resulting matrix is

[ Ys Ys —-Y, ]
Y1 —Ys Y3 Yy
Yi Yo Ys —Yy
Ys Y
Yi —-Y» .o
Yi Y» Y3 =Yy
—Y> Ys Yy
.1
Yy Y1 —-Y> (3 )
Y3 =Yy Y1 Yp
Ys Yi Y1 —Yo
Y1 Ys
Y3 =Yy N
Ys Y, Y1 —Ys
L - Y4 Yl Yg

where the submatrices Y7, Y3, Y3, Yy are all 2m x 2m and have the structure

[ ai2 ai3|—aia
ai4 ai1| —aip
ail| ai2 @i3|—aia4
ai3| ai4 @in|—aip

Gi1| @i,2 @3 |—Qi4
;3| G4 Gi1|—ai2

a;1|ai2 a;3|—aia4
0,3 |Qi,a Qi1 | —Q,2
Qi1 | @iz —Qi4

;3| @i4  —a;2

For any ¢ € (0,1), the entries a; 7, 4,5 = 1,2,3,4, are given below. Note the symmetry
a;;j = a; ;. For the Gaussian case { = \/%_2’ these entries reduce to those given in [6] and
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7).

ary = 12m2¢ (€ — 1) (1 + 2¢)°
as,1 = a1 = $m2(1+26)” (1262 — 86 — 1)
as,1 = a3 = 12m?¢? (3 — 4¢?)
asy = ara = —3m? (1 +2€) (1 — 2€ — 20¢% + 24¢°)
aza = gm” (6 + 1) (1+ 26)% (2 - 1)
azz =azz = +m? (1 — 2€) (=1 — 2 + 2062 + 24¢3)
as = azg = ym? (26 — 1) (26 + 1) (1 — 12¢?)
as3 = 12m2¢ (26 —1)* (€ + 1)
sz = azs = sm? (1 —26)% (=1 + 8¢ + 12¢2)
ass = tm? (26 - 1)* (26 + 1) (66 — 1).

Now, let W be the permutation matrix by which one obtains (3.1) from A via W= AW.
Recalling matrix K above, let A = W—'AKW replace A. Similarly, replace P with
P = W'PKW. Then we obtain P~'A = W 'K 'P'AKW. That is, P 'A is a
similarity transformation of P~ ! A, and we may thus perform our eigenvalue analysis on
P7A.

Considering the structure of (3.1), we may abbreviate A by

-4
- ha]

Because P is a block 2 x 2 matrix, its inverse is computable [8] as

- R |
1 _ .
P= [—B—lLR—1|B—1 ] ’

(3.2)

and P by

therefore

5 15 | 1] R™'U
P A‘{ |I—B‘1LR_1U}’

where I represents the identity matrix of appropriate size. Recall we want P~'A to be
“close” to I. This is clearly equivalent to

L ~R'U
71 _
[-pP—A= { BlLRlU}

being “close” to the “null” matrix (i.e., the matrix whose entries are all zero). The
null matrix has all its eigenvalues equal to zero. Since I — P~'A may be viewed as
a block upper-triangular matrix, its spectrum is given by the union of the spectra of
those matrices on its diagonal blocks, namely the null matrix and J' = B"'LR~'U. We
therefore expect the fastest convergence when the eigenvalues of J' are clustered near
the origin of the complex plane.

Finally, we make one more change to the formulation above. We note that the eigen-
values of J = LR~'UB™! and those of .J' are identical (because .J is obtained from .J’
from a similarity transformation), and choose to perform our analysis on J.
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H _ 1
B. The eigenvalues of J for the case £ = 75
Because R and B are both block diagonal, their inverses are easily computed. Noting
that

[m —YZ}‘I_g[ Y YH}
- ,

i Yo N
we see that
[ 2yt 1
v oyTT
Yy
_ 1
R ==
2
ity
-y, byt
2 2
I —2Y; |
and
RO '
_Y2_1 }/Tz—l
vyt
- 1 _Y271 }/271
B T =—
2
Yl_]L Yl_]L
L —Y{l Y{l_
J is thus seen to be
[S2—-QS SQ - Q? 1
5Q 52 QS @
Q° Qs 57 SQ
SQ 5°1QS @
7= R . (33)
Q° QS| S SQ
5Q 5? Qs Q°
Q° QS 52 SQ
I SQ - Q> 5°—QS |
where
1
§ =5 (Yt (3.4)
and

Q:—ﬂnn*—ngﬂ. (3.5)
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7

At this point we employ the strategy of [6], namely to determine o (.J) for the case
where S and @) are real scalars, and then use this result to determine o (J) when S and
@ are 2m X 2m matrices.

To compute the eigenvalues p and eigenvectors z of J, we set

(‘] - IUI) z= 07
i.e.
T S2—ul — QS SQ - Q? 1T 20 ]
5Q S*—ul| QS @ 21,1
Q2 QS |ST—ulI 5Q 22,0
22,1
SQ S2—uI| QS Q2 :
@ QS |-l 5Q 230
i SQ-Q S —ul—QS | [ 2z,

0
1 Lo

(3.7)

To apply Theorem 8.3 in [9] (as was done successfully in [6]) we must manipulate the
first and last rows in (3.7) so that each set of two rows of the resulting matrix is identical.

We obtain
rQR% QS|S*—ul SQ ]
SQ  S2—uI| QS Q?
Q? QS S% — I SQ
SQ  S?Z—uI|lQs @2
Q* QS|S*—uI SQ
L SQ S?2-—ur|Qs @°J
where
bo = Q% (20,0 +21,1) + @S (20,1 +210) and

the homogeneous matrix difference equations

by = Q2 (2%70 + Z%+171) + QS (2%71 + Z%+170) .

To easily apply Theorem 8.3 in [9], it is convenient to have the vector on the right side
of (3.8) be identically zero. We therefore set by = b; = 0, obtaining for arbitrary even m

Bozp—1 + (B, — pl) 2 + Bazpq1 =0,

2
k=1,2,3,...%, where By = [%

Zk,0
2k

} with boundary conditions

QS
5.

-]

52
SQ S?

SQ

o

bo = Q* (200 +211) + QS (201 +210) =0
by = Q2 (Z%p + Z%+171) + QS (2‘%71 + Z%+170) =0.

20,0
Z0,1
21,0
21,1
22,0
22,1
23,0
23,1

Fm41,0
zm
L 2 +1.1 -

0 O

QS @

>
[}

‘O O‘O

(3.9)

:|,zk:

(3.10)
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It is clear that the problem of determining the eigenvalues (and eigenvectors) of J is
equivalent to solving the boundary value problem (3.9), (3.10), which we now proceed to
do.

With respect to Theorem 8.3 in [9], we form the matrix polynomial £ () that corre-
sponds to (3.9), namely

(8* —p) A+ @Q° SQX+ SQ

‘C(A):BN”BI_“I)HBO:[ SQX? + SQA Q2>\2+(Sz—u)>\] (3.11)

and compute its determinant
det (£ (\) = A {—Q2p>\2 + [(S2 — Q) 287+ ,ﬁ] A — Q%} . (312)
Then (from Theorem 8.3 in [9]), the general solution of (3.9) is given by
zr = XpJhw. (3.13)

Here (X Jr) is a Jordan pair (see [9]) of the matrix polynomial £ (A) in (3.11) and
w € C", where n is the degree (in \) of det (£ (\)).

We consider two separate cases: p =0 and pu # 0.

If 4 =0, then

SEA+Q? SN+ 5Q

LV =1 5002 + 501 @222 + 572

and
det (£ (\) = (52 = Q%)* X

Thus the only eigenvalue of £ ()), i.e., zero of det(L (X)), is A = 0, which is a double
eigenvalue. The Jordan chain (see [9]) associated with the eigenvalue A = 0 is seen to
be of length two and it thus forms a canonical set (see [9]). Its components, using the
definition in [9], are easily seen to be the columns of

while the matrix Jg is

and w = [wo wq ]T. Applying (3.13) with £ =0,1,2,... and the definitions of X and

Jr given above, we see that
20,0 | _ wo + Wi
20,1 —%wo - %UH

Zl:{zm} [ w } (3.14)

Q
zp =0, k> 2.

Zo

—ZFwy

Now, recall the boundary condition by = Q? (200 + 21,1) + @S (201 + z1,0) = 0 from
(3.10). Assuming that S # +@ (a most reasonable assumption in light of (3.4) and
(3.5)) and using the values of 290, 21,1, 20,1, and 21,0 from (3.14), we conclude that
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wy = 0. But then z; =0 for all £ > 1, which means that z in (3.6) is a zero eigenvector,
which is impermissible. The case pu = 0 is therefore eliminated from consideration.

Thus p # 0. In this case, det (£ (X)) is given by (3.12). Setting det (£ ()\)) = 0 to
determine the eigenvalues A of £ (X) gives

)\:>\0:00r>\:)\10r>\:>\2

where A; and Ay are obtained from the quadratic formula. Using the well-known formulae
for the sum and product of the roots of a quadratic equation, we obtain

(52 _Q2)2 — 282+ 12

AL+ Ay =
b Q*p

(3.15)

and

Athg = 1. (3.16)

1
We note that the Jordan chain corresponding to the eigenvalue Ao = 0 is [ Q } or

S

equivalently, @ . We now consider two separate cases, namely A\; # Ay and A\; = As.
a _

S
If Ay # A2, then the Jordan chain corresponding to A; is seen to be {ui’ ], i=1,2,

where
L _ _—5QA-SQ
TN @

(3.17)

So we obtain, in this case

ae |t

Ll

and w = [wy w; wy ]T. We now find w to satisfy the boundary conditions (3.10).
Using (3.13) for k= 0,1, 2,2 + 1 together with (3.10), we obtain the equation

s 4y 9 o
w1 _ 0
=[nl=[s]

Qw1 +A1)+S(1+wih) Q (w2 4+ A2) + S (1 + wak2)
Q(wlAF +>\F“) +S(AF +w1>\F“) Q(m)\f +A§“) +s(>\f +w2A§“)

where

FE =

If E is nonsingular, then w; = wy = 0, which implies (from (3.13)) that z; = 0 for
all k > 1. Thus z in (3.6) is a zero eigenvector, which is impermissible. Therefore, E is
singular, so its determinant is zero, which leads to the equation

(Af - A?) [Q (w1 + A1) + S (1 +wiA)][Q (w2 + A2) + S (L +wado)] = 0. (3.18)
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If Q (w; + X)) +S (1 +wi);) =0,4=1,2 then using (3.17) and solving for \; yields

(S+Q)(S—Q)* - Su
Qu ’

i = 1,2. Since A; (which is non-zero) is a solution of det (£ (A)) = 0, we can conclude
from (3.12) that

\i = (3.19)

—QPuA? + [(52 — Q%) - 28+ ;ﬁ’] A — Q% =0. (3.20)
Substitution of (3.19) into (3.20) yields a cubic equation in u, whose solutions are

p=(S-Q)(S+Q) orp=(S—Q)?*,

where the former solution is of multiplicity two.

If = (S — Q) then (3.19) reduces to \; = Ay = 1, which contradicts the assumption
A1 # A2. If; on the other hand, p = (S — Q) (S + @), then (3.19) reduces to A\; = XAy =
—1, which also contradicts the assumption A; # A2. Thus, with respect to (3.18), we

obtain
(A? A7 ) =0.

Recalling (3.16) and the assumption A; # A, we conclude

A = et? (3.21)
and
Ay =e ¥ (3.22)

where § = 28T | =123, 2 — 1.

If we now add the equation obtained by substituting (3.21) into (3.20) to the equation
obtained by substituting (3.22) into (3.20), we obtain a quadratic equation in pu whose
coefficients are all real. Solving this equation for u yields

1= (Q*cosf + S?) + Q\/252 (1 + cosf) — (Qsinh)?, (3.23)

§=2 | =1,2,3,...,2 -1

What we have shown so far is this: if S and @ are scalars defining the m x m matrix
J in (3.3), then m — 2 of the m eigenvalues of J are given by (3.23). The remaining two
eigenvalues of J arise from the case A\; = A2 and will be determined below.

If Ay = Ay, then (3.15) becomes

2X 2Q%p = (Q* — 52)2 — 257+ 2, (3.24)

where )\172 = )\1 = )\2. By (316), we must have )\1 = )\2 =1or )\1 = )\2 =—1.
If \y = Ay =1, then solving (3.24) for u yields

p=(S+Q)”.

We now consider these two cases separately.
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If 1 = (S + Q)?, then, using the definition of Jordan pair in [9], we obtain

Sl—l}
Xp = ar
" {—Ql%

000
Jrp=|011],
001

and w = [ wg wy ws ]T. Using (3.13) with these values and (3.10), we obtain

2 2m+i+2 | |w | O]

Unless S = ﬁ, this 2 x 2 matrix is nonsingular, which implies w; = ws = 0. Using
(3.13), we see that z; = 0 for all ¥ > 1 which implies that z is a zero eigenvector, which
is impermissible. We thus eliminate the possibility p = (S + Q).

If 4 = (S — Q)?, then, again using the definition of Jordan pair from [9], we obtain

s 1_1]
_Q_ ﬁ,

M

xr = |

000
Jr=|011],
001

and w = [wo wi wo ]T. Using (3.13) with these values and (3.10), we find that ws = 0
and that wy # 0 is arbitrary. We conclude that A = 1 provides the eigenvalue p =

(S — Q)® of J with corresponding eigenvector [1 -1 1 =1 --- 1 —1 ]T.
If Ay = Ay = —1, then solving (3.24) for u yields the solution of multiplicity two

p=S-Q)(S+Q).

Once more using the definition of Jordan pair in [9], we obtain for this case,

S 10
XF—|:_Q01:|)
0 0 O
Jre=10-1 0 |,
0 0 -1

andw = [ wy wy w, ]T. Using (3.13) with these values and (3.10), we find that w; = ws
is arbitrary but non-zero. We thus obtain eigenvalue p = (S — Q) (S + Q) and corre-
sponding eigenvector [ =1 —1 1 1 --- =1 =1 1 1]7 of J from A = —1.

We have therefore proved
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Lemma 3.1. Let J be the m x m matriz defined in (3.3) by the real scalars S and Q.
Then the eigenvalues p of J are given by

p=_5%*-Q*
p=(5-Q)

p=(Q*cosh + S?) £ Q\/252 (14 cosh) — (Qsinb)?,
where 8 = 2’“7’7, k=1,2,3,...,2 1.
Before we consider the general case where S and () are matrices, we require another
lemma:

Lemma 3.2. Let S and Q be as defined in (3.4) and (3.5), respectively. Then SQ =
QS.

Proof. Using Lemma 5.2 in [6], we are given the existence of a nonsingular matrix
X and explicit diagonal matrices D and D such that

X"y, ) x =D (3.25)
and
XT(v3y7) X T'=D. (3.26)

Thus Y3V, * and Y3Y; ' have the same complete set of eigenvectors and must therefore
commute [10], i.e.,

VY, YT = Ve Y (3.27)

But this is precisely the condition that is required to show that SQ = Q5. -

Now that we have established that S and () commute, we see that we can use the
analysis culminating in Lemma 3.1 to determine the eigenvalues of J for the case where
S and @ are defined as in (3.4) and (3.5). Let us begin by recalling (3.11):

conz | (8 —n)A+Q SQA +5Q
WV=1"50x + s5x Q>N+ (S2—pl) A |’

where we are making use of the fact that S and ) are commuting matrices. As above,
let us now consider

(3.28)

Ozdet(lj()\)):det{(SZ_NI)/\+Q2 SQA + 5Q ]

SQN +SQX QN + (S*—pl) A
From our work above, we know the solutions A of (3.28), namely A = 0, A\ = £1, and
A=etif g, =12, ... 5 —1. We now exploit this knowledge to compute the eigenvalues
wof J.

If we use the values of A = ei’*, 4, = Qkﬁ, k=1,2,... 8 —1in (3.28), we can easily
show that

SQ+XSQ ST+ NQ? —pul

Finding the values p that satisfy (3.29) is equivalent to finding the eigenvalues p of the
matrix

Ozdet[52+%Q2_'u[ 5Q + 35Q } (3.29)

A= | SPT3Q° SQ+35Q
FZ18Q+ASQ S22+ Q2
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To eliminate the complex numbers (i.e., the \’s), we perform the similarity transformation
Ty = Ry MyR;", where

Ry = [—z’ (Q? — SQ) sinby, i (Q* — SQ) sinby, ] _

(Q*+ SQ)sinf,  (Q*+ SQ) sinby,

We thus seek the eigenvalues p of

T, — [(S—Q) (S — Qcosby) (S — Q) Qsinby ]
FE L S+ Q) Qsinf (S+Q)(S+Qcosby) |

Oy =22 k=1,2,...2 —1.

Themcharacterization of all the eigenvalues p of J is found in the following lemma, the

proof of which is, except for the obvious notational differences, analogous to that given
in Lemma 4.2 in [6]:

Lemma 3.3. Let J be the 2m? x 2m? matriz defined in (3.3) by the matrices S and Q
defined in (3.4) and (3.5). Then

m_g

o= o@Jo (s> -@)Jo ((s - Q)2) . (3.30)

k=1

Now that we have characterized the spectrum of J as the union of spectra of other

matrices, we now determine these latter spectra, namely for Ty, k = 1,2,...% — 1;

52 — Q2 and (S — Q)®. We first make some observations and definitions. Let Y3 =
Y3Y;"! and let Yo = Y3 Y5 . With respect to (3.4) and (3.5), we see that

S+Q=-Yn
and
S—0Q =Y.
Using these definitions, trigonometric identities, and (3.27), we can show

T = |: sin2 %Y42Y31 + COS2 %YfQ % (YV42Y31 — Y422) :|
k sin0u (Y2 — YioYar)  sin® ZYinVay + cos? Y3
We now use (3.25) and (3.26) to compute the similarity transformation
X7 ’ x-T sin? 2 DD + cos? % D? sinfs (DD — D?)
{ XT ] k { X T } - —Si"za’“ (EQ - Dﬁ) sin? %DE + cos? %’“EQ ’

3.31)
where D and D are diagonal matrices given explicitly in Lemma 5.2 of [6]. We write
D = diag (do,d1, - .., dom—1)
and

5 = dlag (30,31, N ,Emel) .
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If we then permute the rows and columns of (3.31) in an obvious way, we find that T}, is
similar to diag(Dg,0, Dk,1,-- -, Dk,2m—1), where

D, — dl (El SiIl2 07’“ + dl COS2 07’“) d,% (El — dl)
ko = El% (31 — dl) El (dl sin? 97’“ + El cos> 97’“) ’

Since each Dy, ; is a 2 X 2 matrix, the eigenvalues of each are easily determined:

G, +2did; £ \/ e, (g,% + 4Eidi)
0 (Dpi)=qp:p= 5 :

where (,; = (d; —d;) cos &, 0, =27 k=1,2,..2 —1,i=0,1,...,2m — L.

To find o (5% — Q?), we note that S? —Q? = Y3»Y31 and X7Yy,Y3 X~ = DD, which
is a diagonal matrix. Therefore, o (S? — Q%) = {Eidi}?;no_l

To find & ((S - Q)Q), we note that (S — Q)> = Y3, which is similar to D2, which is
a diagonal matrix. Therefore, o ((S — Q)Q) = {d%}?;no_l.

We may now state:

Theorem 3.4. Let J be the 2m? x 2m? matriz defined in (5.3) with S and Q defined

as in (3.4) and (3.5), respectively. Let & = \/% in (3.2). Then
_ Coi+2didi +1/C2, (R, +4did;)
o) ={pp=d}J{p:n=dd}|J{p:n= 5 ,

where Cp; = (Ei —di) cosby, 0 = %”, k=1,2,...%-1,i=0,1,...,2m—1, and where
[6]

{di}?;no_l = {OKO_:aTﬂal_’ .- 'ﬂa;—laa;@—laagz} ’
—= y2m—1 _ _ _ _
{dl}l;no = {BO 76?751 7"'7B$7175m7175m} ’

728 -16v3+ (V3 +1) cos;’

g — (37 + 8cos p;) £ 3v/3¢;
T 64— 36V3+ (19 + 9\/§cos<pj) ’

g = \/43+40c0s<p]- — 2cos? pj,
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C. The eigenvalues of J for the case of general £ € (0, %)

The result in Theorem 3.4 is for the case & = \/% If we seek an analogous result for

arbitrary & € (0, %), we note that we must consider only three things. The first (and
obvious) one is that the entries of matrix A are now given by (3.2) for arbitrary & (as

opposed to the specific value & = \/%) The second is to check whether we obtain the

result wy = Wy, where wy and W, are given in Lemmas 5.1 and 5.2 in [6], which a long and
tedious calculation does indeed confirm. The third is to determine how aj[ associates with
Bji (see Lemma 5.2 in [6]). In this case, another long and tedious calculation provides
that a associates with 35 and that aj associates with 8 for all values of ¢ € (0, 3)-
We can therefore state, for arbitrary £ € (0, %), the result analogous to Theorem 3.4:

Theorem 3.5. Let J be the 2m? x 2m? matriz defined in (5.3) with S and Q defined
as in (3.4) and (3.5), respectively. Let & in (3.2) be an arbitrary number in the interval
(0,1). Then

)

_ (i +2did; £ \/Cii (CQ,i +4Eidi)
U(J):{#Z#Zd?}U{MIMZdidi}U Wip= k k

2 ’

where (i,,; = (_i — di) cosBy; O = %; k=1,2,...%-1;i=0,1,...,2m—1; ¢; = cosf;;
j=0,1,...,m;

2m—1 — —
{dz}z;no = {aa_aaii_aal 7"'7a$_17am_17a%};

(@Y = (B3, BT, By By B0, B} 5

g = 25\/(1654 — 242 4 21) + ¢; (3261 + 18) + ¢ (1664 + 24¢2 — 3);

+ 96£* — 9267 +5 + ¢ (1 —126%) (-1 +8¢%) g5 _
T 0664 — 5663 + T6E2 + 426 + 5+ ¢ (—1 — 26) (1 + 4€ — 4€2 — 48¢3)’

(07

128¢% — 192¢* + 6062 — 1 + ¢; (712856 +966* —12¢2 + 1) +q;
T (11 26) (—1 — 166 — 282 + 80E3 + 326* — 64€5) 1 ¢; (1 — 2€) (L + 2€)° (1 + 4€ + 8€2 — 16€3)

B

IV. SHIFTING THE COLLOCATION POINTS TO MINIMIZE || (I — P~*A)||,

In this section we investigate the possibility of increasing the speed at which the Bi-

CGSTAB/RBGS algorithm converges by using values for ¢ other than \/Lﬁ, acknowledg-

ing that any increase in convergence rate will come at the expense of losing the O (h4)
accuracy provided by the Gaussian value £ = % In brief, we show that the collocation
points can be located in an optimal fashion that results in significant time savings for
fixed accuracy and fixed problem size.

Recall the discussion above where we stated that we expect the fastest convergence of
the preconditioned Bi-CGSTAB algorithm to occur when the eigenvalues are clustered
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about the origin of the complex plane. In order to measure the clustering, we consider
the vector norm ||o (I — P7*A)||, = [lo (J)|l,- In light of the geometric interpretation
of the 2-norm, we may say that optimal clustering about the origin of the complex plane
is equivalent to minimizing ||o (J)||, as a function of ¢, the parameter which controls
collocation point location.

In the literature (e.g. [4] and [11]), the condition number k. (P~1A) is often used as a
measure of how close P~' A is to the identity matrix I, with rapid convergence occurring
when P~'A ~ I. The condition number is defined

ko (M) = 0], |22

where v is a given matrix norm. The four most common matrix norms correspond to
v=1,2,00, F (see [11] for the definitions of these norms). Because these matrix norms
satisfy the consistency [12] or submultiplicative [11] property, the minimum value that
Ky (M) can attain is unity (which occurs when M = I). Thus if we were able to achieve
P = A, then we would have ||g (J)||, = 0 (the minimum value a vector norm can attain)
and k(P! 4) = 1 (the minimum value a condition number can attain). We are therefore
motivated to examine the relationships between the value of ¢ that produces the fastest
convergence of Bi-CGSTAB/RBGS , the value of £ that minimizes ||o (J)||, and the value
of ¢ that minimizes each of the four condition numbers.

In Figure 1, we summarize results obtained for Poisson’s equation (2.1) for the case
m = 10. Convergence is defined by the 2-norm of the residual vector being less than
1078, For £ =0.1,0.2,...,0.49, we solved Poisson’s equation using Bi-CGSTAB/RBGS ,
computed ||o (J)||, = ||o (I — P~'A)||, using the eigenvalue formulae derived above, and
computed the condition numbers using Matlab. With reference to Figure 1, we see that
the general behavior in all six graphs is similar: i.e., as £ increases, the curves rapidly
decrease to a minimum, then increase gradually. Upon more careful examination, we see
that the value of ¢ that minimizes each of ||o (I — P~'A)|,, kp(P~'A), and koo (P 1 A)
corresponds well to the value of £ that minimizes the number of iterations required for
convergence of Bi-CGSTAB/RBGS . The condition numbers using the 1- and 2-norms
are less effective in predicting the value of ¢ that produces the fastest convergence of
Bi-CGSTAB/RBGS .

In Figure 2, we repeat our study for m = 20. The results are similar, except that now
the condition number using the co-norm also is a poor predictor of optimal convergence,
leaving only ||a (I — P_lA) ||2 and kp(P~1A) as effective predictors for the value of ¢
that produces optimal convergence of Bi-CGSTAB/RBGS .

It is worth noting that computing ||o (I — P=*A)||, is easy, since we have formulas for
the eigenvalues of .J. Furthermore, finding the value of ¢ that minimizes ||o (I — P71 A4) |,
for any given value of m is also easy if we use the MINOS optimization software (see
[13] for documentation). Using MINOS, we determined the value of ¢ that minimizes
||a (I — PflA) ||2 for Poisson’s equation for all even m between 2 and 100, inclusive. The
results are given in Figure 3.

In examining Figure 3, we see that the optimal value of ¢ is relatively insensitive to
problem size m for sufficiently large m. This is an important result, for it means that
a separate optimization for each value of m is not necessary each time we wish to solve
Poisson’s equation as quickly as possible. A qualitative explanation for the insensitivity
of optimal £ with respect to m follows.
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FIG. 1. Comparison of numerical results, condition numbers and ||U' (I — P_IA) || ) for Poisson’s

equation for m = 10

With respect to Theorem 3.5, we see that there are eight flavors of eigenvalues. Four

of them are (a™)

2

% <C24—23d:t\/§2(c24—43d)>.

This represents four additional flavors since ¢ may be formed by combining o™ and 8~ or
by combining o~ and 87 and, for each form of ¢, we either add or subtract the radical.

, (a™)?, a*B~, and = BF. The remaining four are of the form

To summarize:

flavor number characterization number of eigenvalues per flavor
1 (at)’ m+1
2 (a)? m—1
3 atp- m+1
4 a Bt m—1
5 ¢ with a*, = and + ./ (m+1) (2 -1)
6 ¢ with a*, = and -/ (m+1)(2-1)
7 ¢ with ™, f* and + ./ (m—-1)(2-1)
8 ¢ with =, 8 and -V (m—-1) (% -1)
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FIG. 2. Comparison of numerical results, condition numbers and ||U' (I — P_IA) || ) for Poisson’s
equation for m = 20

Figures 4 through 11 show the eigenvalues associated with each of the eight flavors for
& =0.01, 0.05, 0.10, 0.15, 0.20, and 0.40 and m = 10. The fact that we use the specific
value m = 10 should not obfuscate what occurs in the general case, for the eigenvalues
are merely values of continuous functions (i.e., the eight flavors) evaluated at the discrete
points defined by 6; (j =0,1,...,m) and 8 (k=1,2,...,2 —1) where §; = £, i =
or k (see Theorem 3.5).

For very small &, all flavors have a large real part. As £ increases to 0.15, all eigen-
values associated with all flavors cluster tightly around the origin, with the exception
of those of flavor 7, which has a few large real eigenvalues. As ¢ increases further, we
see that the eigenvalues of flavors 1, 2, 3, 5, and 6 remain tightly clustered about the
origin, while eigenvalues of flavor 7 gain more outliers and eigenvalues of flavors 4 and
8 disperse significantly. This behavior is clearly not a function of m, but rather of the
eight flavors. This explains why the optimal value of ¢ (i.e., the value corresponding to
greatest clustering) is approximately 0.154, irrespective of problem size m.

We also compare the ease of finding the value of ¢ that minimizes condition numbers
as compared to minimizing ||o (I — P7'A)|,. Assuming sufficiently large m, the value
of ¢ that minimizes || (I — P~ A)||, is seen a priori to be about 0.154. On the other
hand, computing condition numbers, let alone minimizing them with respect to £, is an
exceedingly difficult task. Indeed, both [11] and [12] report on methods which estimate
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FIG. 3. Optimal value of ¢ for various values of m for Poisson’s equation

only the order of magnitude of condition numbers. However, it is evident that if we wish
to use condition numbers to determine the optimal value of £, we require more precise
information than mere orders of magnitude. And, as is readily seen from Figures 1 and
2, the insensitivity of optimal £ with respect to m that we find for ||O' (I — P’lA) ||2 does
not hold for the condition numbers, negating the possibility of a priori optimality.

Finally, we examine the issue of the tradeoff between increasing the speed of conver-
gence of Bi-CGSTAB/RBGS using the optimal value of £ and the commensurate loss of
accuracy. To address this question, we solved Poisson’s equation with Dirichlet boundary
conditions for two cases in which the analytical solution is known. Let v be the vector
whose entries are the values of u, the solution of Poisson’s equation, at the interior mesh
points of our finite element domain. Since the analytical solution is known, we had the
Bi-CGSTAB/RBGS iterations stop when

”Vanalytical ~ Vnumericallloo <€

where € is a given tolerance. For all reported run times, we compiled an average of five
individual runs.

We solved both of these PDEs with problem sizes m = 10, 20, 30, 40. For each of these
values of m, we ran our code using both the Gaussian value of £ = \/% and the optimal

value of ¢ as determined from the MINOS optimization software. For €, we used values
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FIG. 4. Eigenvalues of flavor 1 for Poisson’s equation for various values of ¢ for m = 10

of the form
e=1079, (4.1)

j =2,3,4,5,6. Because the Gaussian value of £ = \/% provides O(h*) accuracy while

the optimal value of ¢ provides only O(h?) accuracy, there are sufficiently large values
of j in (4.1) for which Bi-CGSTAB/RBGS converges when using the Gaussian value of
& but for which it fails to converge when using the optimal value of .

In the numerical experiments, the analytical solutions used are

u(z,y) =sinzxcosy (4.2)
and
u(z,y) = exp(2z +y). (4.3)

The results are given in Tables I and II, respectively.

In Tables I and II, the first column is problem size m while the second column is the
corresponding value of the optimal value of £, as determined from MINOS. Column three
gives the tolerance € from (4.1). Columns four and five (respectively, six and seven) give
the average run time (in seconds) and number of iterations required to reach convergence
using the optimal value of £ (respectively, the Gaussian value of £). The eighth and final
column gives the “improvement” one achieves using the optimal value of £ instead of its
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TABLE I. Results for Poisson’s equation with analytical solution (4.2)
Eopt §= \/%

m  Eopt  logg€ time its time its | % impr

10  0.16182 -2 0.013781 4 | 0.017010 5 18.98
-3 0.016990 5 | 0.020255 6 16.12
-4 0.017031 5 | 0.023534 7 27.63
-5 0.026753 8

20 0.15721 -2 0.118716 8 | 0.149149 10 20.40
-3 0.160718 11 | 0.180121 12 10.77
-4 0.162537 11 | 0.204349 14 20.46
-5 0.175132 12 | 0.231695 16 24.41
-6 0.263750 18

30 0.15547 -2 0.479577 12 | 0.594175 15 19.29
-3 0.565698 14 | 0.753442 19 24.92
-4 0.632023 16 | 0.932896 23 32.25
-5 0.713848 18 | 0.986615 25 27.65
-6 1.063438 27

40 0.15488 -2 1.256842 17 | 1.555441 21 19.26
-3 1.481409 20 | 1.841658 25 19.56
-4 1.695135 23 | 2.199651 30 22.94
-5 1.840153 25 | 2.497365 34 26.32
-6 2.571315 35

TABLE II. Results for Poisson’s equation with analytical solution (4.3)
Eopt £= \/%

m  Eopt  logig€ time its time its | % impr

10 0.16182 -2 0.017062 5 | 0.024341 7 29.91
-3 0.026751 8

20 0.15721 -2 0.148577 10 | 0.204783 14 27.45
-3 0.162621 11 | 0.238577 16 31.84
-4 0.252492 17

30 0.15547 -2 0.595449 15 | 0.788397 20 24.47
-3 0.669760 17 | 0.909203 23 26.34
-4 0.949999 24

40 0.15488 -2 1.432224 20 | 1.782991 25 19.67
-3 1.638079 23 | 2.209249 31 25.85
-4 2.355495 33
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FIG. 5. Eigenvalues of flavor 2 for Poisson’s equation for various values of ¢ for m = 10

Gaussian value. Improvement is defined

time(Gaussian) — time(optimal) « 100%
0.

time(Gaussian)

In examining Tables I and II, we see, for fixed accuracy and fixed problem size, that
the convergence using the optimal value of ¢ is always faster than that using the Gaussian
value of . The value of the “improvement” is never less than 10% and as high as more
than 32%. The only times when the optimal value of £ fails to do better than the Gaussian
value is when € is so small that convergence with the optimal value of £ is unattainable.

V. SUMMARY

We derived analytical formulae for the eigenvalues that govern the rate at which the Bi-
CGSTAB/RBGS method converges to the solution of the matrix equation arising from
the Hermite collocation discretization of Poisson’s equation. The eigenvalue formulae
depend upon collocation point location, which can be chosen optimally to minimize the
number of iterations required to converge to a predetermined tolerance. The optimal
location of the collocation points is insensitive to problem size m for sufficiently large m.
Results of numerical experiments indicate significant speedup when we use the optimal
collocation point location as compared to the Gaussian location. Additionally, although
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FIG. 6. Eigenvalues of flavor 3 for Poisson’s equation for various values of ¢ for m = 10

the issue was not addressed in this work, our preconditioner makes our method of solution
amenable to parallel processing.
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Eigenvalues of flavor 7 for Poisson’s equation for various values of £ for m = 10
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