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Abstract

We describe herein the parallel implementation of the Bi-CGSTAB method with
a block Red-Black Gauss-Seidel (RBGS) preconditioner applied to the systems of
linear algebraic equations that arise from the Hermite collocation discretization of
partial differential equations in two spatial dimensions. The method is implemented
on the Cray T3E, a parallel processing supercomputer. Speedup results are dis-
cussed.
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1 Introduction

We are concerned with the rapid solution of matrix equations which arise from
the Hermite collocation discretization of partial differential equations (PDEs)
in two spatial dimensions. This discretization is attractive for several reasons,
including
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e the freedom in how one numbers equations and unknowns, thus being able
to manipulate to best advantage the structure of the resulting matrix (this
point is discussed in greater detail in Section 3 below);

e the freedom in how one locates the “collocation points,” which can accelerate
the rate at which convergence to the solution occurs (see [4] and [5]); and

e the spline that represents the solution has a continuous first derivative.
This last property can be he helpful in modeling subsurface multiphase flow
problems, like those in [12].

In general, the matrix arising from the Hermite collocation discretization does
not enjoy many pleasant properties of matrices arising from other popular
discretizations (e.g., finite differences or finite elements). In particular, collo-
cation matrices are not diagonally dominant, not positive definite, and not
symmetric (even in the case of symmetric differential operators).

To solve these matrix equations, the two most widely used approaches are
the GMRES [20] and Bi-CGSTAB [22] methods. For this work, we choose the
Bi-CGSTAB method for two reasons. First, the Bi-CGSTAB method lends
itself more readily to parallel processing than does GMRES. Also, there is
evidence ([2], [7], [21], [23]) that Bi-CGSTAB is superior for a large class of
problems. We combine Bi-CGSTAB with a Red-Black numbering system and
preconditioning matrix which facilitates use of the Bi-CGSTAB method in a
parallel processing mode. It was shown in [2] that BICGSTAB/RBGS is an
effective serial (i.e., not parallel) method for solving such matrix equations.

In [1], a parallel method based on fast Fourier transforms (FFTs) for solv-
ing PDEs discretized by Hermite collocation is presented. However, the FE'T
method is limited by requiring the same uniform mesh in both coordinate di-
mensions (our technique allows nonuniform meshes and the meshes in the two
coordinate dimensions may be different) and the PDEs amenable to the FF'T
method are less general than those amenable to ours.

A multisplitting method designed for parallel processing is implemented in [18]
for solving Poisson’s equation discretized by Hermite collocation. Other efforts
combining parallel processing with collocation include [8] and [9], which uses
quadratic, rather than cubic, basis functions; [12], which uses an alternating
direction solver; and [13], where the focus is on describing a method for coarse
grain partitioning applied to PDE problems.

In addition, the PIM (Parallel Iterative Methods) [10] software package for
solving linear systems deserves mention. PIM requires the user to select an
iterative method (choices include Bi-CGSTAB and GMRES) and then to in-
terface his/her own code with that of PIM. The user must supply code for
matrix-vector multiplication, solving preconditioned linear systems, vector in-



ner products, and computation of vector norms. For the case of GMRES, using
PIM would result in substantially less effort on the part of the user to pro-
duce working code. However, the only components of Bi-CGSTAB that the
user would not have to write himself/herself are routines for vector addition
(and subtraction), the multiplication of a vector by a scalar, and scalar arith-
metic. Since these are easily written, using PIM in conjunction with our code
is hardly worthwhile.

In general, Krylov methods (like GMRES and Bi-CGSTAB) are usually found
to be superior to “splitting” methods, in terms of minimizing solving time.
Thus, based on evaluation of the literature, we believe our method to be the
fastest, most general one available for solving collocation matrix equations,
even when implemented serially. This last point is relevant to the discussion
in Section 5.4.

This paper is organized as follows. After a brief introduction to collocation, we
introduce the Red-Black numbering scheme and our preconditioning matrix.
After then discussing the parallel implementation of the Bi-CGSTAB with our
preconditioner, we provide speedup results. A short section summarizing our
work concludes the paper.

2 Collocation in two spatial dimensions

In this section we provide a brief overview of collocation in two spatial dimen-
sions. For a thorough development, see [3].

We are concerned with the numerical solution of the PDE
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on the domain D = [a,,b;] X [ay,b,] with Dirichlet or Neumann boundary

conditions. Upon D we impose a rectilinear mesh of rectangular finite elements.
Let m, and m, be the number of finite elements in the z- and y-directions,
respectively. (Throughout this work, we assume that m, is even.)

The collocation discretization proceeds by introducing a piecewise Hermite
bi-cubic interpolating polynomial @ into (1), resulting in
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where € (x,y) is an error function. We then enforce

e(z,y) =0 (2)

at four distinct collocation points within the interior of each rectangular fi-
nite element. Since there are m,m, finite elements, we are defining 4m,m,
equations by enforcing (2) at the collocation points. In this work, we let the
collocation points coincide with the points of Gaussian quadrature, a choice
that, given certain smoothness conditions, minimizes truncation error [19].

— . . 2
The degrees of freedom (dofs) of @ are approximations to u, %, g—;, and a‘zgy

at the (my + 1)(my, + 1) nodes (i.e., corners of the finite elements). After
introducing boundary conditions, we are left with 4m,m, unknown degrees of
freedom. Since we have 4m,m, equations from enforcing (2) at the collocation
points, we can determine the unknown coefficients.

3 The Red-Black ordering scheme

Collocation provides freedom in how one orders the equations and unknowns.
In the literature, the most popular numbering provides a block tridiagonal
structure, as implemented in [11], [16], and [17]. In this work (and previously
in [2] and [6]), we permute the block tridiagonal numbering to arrive at our
Red-Black ordering, depicted in Figure 1 for the case m, =5 and m, = 4.

In Figure 1, we have 20 (= m,m,) rectangular finite elements; at each corner
of each finite element is a node (depicted by a filled-in circle). At each node are
four dofs. However, only the interior nodes are depicted as having four dofs.
This is because each node on the boundary has fewer than four unknown dofs
associated with it due to the imposition of boundary conditions. In particular,
the boundary nodes have two unknown dofs each with the exception of those
nodes at the four corners of the domain, which have one unknown dof each.
Each of these unknown dofs is depicted by an integer (from 0 to 79 (= 4m,m,—
1)) inside a small square adjacent to the node with which it is associated. In
addition, in the interior of each of the 20 finite elements are four collocation
points, each depicted by a circle with an integer (between 0 and 79 also) inside.

With reference to Figure 1, the Red-Black ordering proceeds by numbering (in
ascending order and from left to right) the bottom row of collocation points,
then skipping two rows of collocation points, then resuming the numbering
with the next two rows of collocation points. This pattern of skipping and
then numbering pairs of rows of collocation points continues until we reach
the top of the mesh where, since m, must be even, we have a single row of
collocation points remaining, which we number. We then return to the bottom
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Fig. 1. Red-Black numbering of equations and unknowns for two-dimensional collo-
cation.

of the mesh and work our way upward, numbering the previously skipped pairs
of rows of collocation points as we go. The numbering of unknown dofs mirrors
the numbering of the collocation points. The matrix structure corresponding
to the Red-Black numbering is given in Figure 2 for the case m, = 5 and
m, = 4.

In general, the Red-Black numbering induces the matrix equation

Mv =b,

whose block structure is



Fig. 2. Matrix structure arising from Red-Black numbering of equations and un-

knowns.
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which we abbreviate

R‘U VR bR
= : (4)
L‘B VB bB

(The symbols R and B in (4) may, respectively, be considered to stand for
“red” and “black”.) As discussed earlier, matrix M is not symmetric, not
positive definite, and not diagonally dominant.

4 Our preconditioning matrix

As with any Krylov method (like Bi-CGSTAB), the fastest convergence is
obtained via the use of an appropriate “preconditioning” matrix (). The matrix
@ is chosen such that () & M and that linear systems of the form QQy = c are
easy to solve. For our purposes, we stipulate a third requirement: ) must have
a structure amenable to parallel processing. With respect to (4), we choose
our preconditioning matrix () to be

R
Q= . (5)
L\B

We note that this is the matrix corresponding to implementing a block Gauss-
Seidel method to solve (3).

There are, of course, other possible choices for the preconditioning matrix
Q. One is the incomplete block LU preconditioner which, as studied in [2],
compares most unfavorably to (). A block Jacobi preconditioner is another
option, but would be expected to perform poorly because the matrix M is far
from being block diagonally dominant.

A possible drawback of using our Red-Black numbering scheme is that the
convergence of “splitting” methods (like Jacobi, Gauss-Seidel, SOR, etc.) is
known to be adversely affected by such numberings [15]. However, this draw-
back does not apply directly to our case, since we are not using a splitting
method. Rather, we are using the matrix corresponding to a splitting method
(in this case, Gauss-Seidel) as a preconditioner within a Krylov method.

As is evident from Section 5.3 below, it is precisely the Red-Black numbering,
combined with the block Gauss-Seidel preconditioning matrix (Q, that allows

us to distribute our data evenly among the various processors and to easily ex-
ecute Bi-CGSTAB in parallel. While the block tridiagonal numbering of [11],



[16], and [17], discussed at the beginning of Section 3, permits the identical
distribution of data among processors, the corresponding block Gauss-Seidel
preconditioning matrix, lacking the Red-Black structure, does not permit sim-
ple parallelization. One could, of course, use a block Jacobi preconditioner in
conjunction with the block tridiagonal ordering to achieve parallelization, but
this suffers from the drawback discussed above.

5 Parallel implementation

In this section, we discuss the implementation of the Bi-CGSTAB method
with our preconditioner on the Cray T3E, a parallel processing supercom-
puter. (Source code is available at [24].) After describing how each entry of
M, v, and b is assigned to its particular processor, we briefly discuss the
issue of which parallel processing architecture should be chosen. We next de-
tail the parallel implementation of those operations in the Bi-CGSTAB/RBGS
algorithm which require interprocessor communication. (The operations in Bi-
CGSTAB/RBGS that do not require interprocessor communication parallelize
in a straightforward and obvious manner.) We then give speedup results.

In this work, we will assume that m,, the number of finite elements in the
y-direction, is a multiple of p, the number of processors.

5.1 The allocation of portions of M, v and b to the various processors

We illustrate the ideas in this subsection using the particular case m, = 16
and p = 4. The general case will then be transparent.

Let the p = 4 processors be denoted f’l, Py, P, and P,. For the case where
m, = 16, we have v, b and the blocks of M (i.e., R, U, L, and B) given by
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and

The four types of decoration used above (i.e., the circumflex, bar, dot, and
breve) are used to indicate to which processor each portion of M, v, and b
is assigned. For example, the blocks A;, B;, C;, v;, and b; for 1 = 3,4,5,6
all reside on the same processor, namely P, distinguished by the decoration
of the bar. Note that each block in its entirety is assigned to a particular
processor and that each processor is responsible for approximately one-fourth
(in general, one-pth) of all the information in M, v, and b.

5.2 Choice of architecture

At this point we remark about the architecture of the parallel processing ma-
chine on which we want to implement our method. As will be discussed in
detail below, the Bi-CGSTAB/RBGS algorithm is particularly well-suited to
one of the simplest architectures, namely the ring. Because rings are easily
mapped onto other more complicated architectures [14] such as meshes or
hypercubes, our algorithm is appropriate for many parallel supercomputers.
However, the choice of a parallel computer with, for example, a tree archi-
tecture would be less than ideal because of the absence of a closed loop in a
tree.

Continuing with the example of p = 4 processors, the ring architecture may
be represented as

p1HP2
DR (6)

p4HP3
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5.3 Parallel implementation of Bi-CGSTAB/RBGS

In this section, we discuss the parallel implementation of the operations in the
Bi-CGSTAB iteration that require interprocessor communication. The steps
that do not require interprocessor communication are parallelized in an ob-
vious fashion. The operations that require interprocessor communication are
vector inner products; solving linear systems of the form Qy = c, where @ is
defined in (5); and matrix-vector multiplications. We describe each of these
below.

5.3.1 Vector inner products

The inner (or dot) product of two vectors x and y is an operation that requires
more interprocessor communication than is ideal for the “nearest neighbor”
ring architecture. Let us assume x and y contain 12 elements each. The first
step, which requires no interprocessor communication, is given schematically
as

Pl &101 + Zofly + B30z — 64
Py|  Z4Ys + T5Ys + Tels — 0o
Ps| @iy + sl + dolo — O3

9

Py|Z10Y10 + Z11911 + T12012 — 04

At this point, each processor P; knows the value of its corresponding o;. How-
ever, to complete the computation of the inner product, it is necessary for
each processor to know the value of Y}, 0;. The process by which this sum-
mation occurs, an example of a “reduction” operation, requires each processor
to exchange information with processors other than its nearest neighbors.

However, in our code we utilize a “shared memory” routine available on the
Cray T3E called “shmem double_sum to_all” which performs the necessary
“reduction” operations very rapidly. Thus the interprocessor communication
required by the computation of vector inner products is performed efficiently.
(On systems without this “shared memory” feature, communication times
would commensurately increase, making the speedup curve in Figure 3 flatter.)

5.3.2  Solving linear systems of the form Qy = c

The goal is to solve the linear system

Qy = c,
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which we write in block form as

R
L\B

Yr
YB

We first solve Ryr = cg, which we write as

Because the non-zero entries of R reside only in its diagonal blocks A;, solving

each subsystem

is an independent task. The parallelism is clear. Processor P, solves the sub-
systems (7) for i = 3,5 while processor P; solves the subsystems (7) for
i = 17,9, etc. Even though processor P; needs to solve three subsystems (7)
for ©+ = F,1, L, the subsystems for ¢ = F, L are only half the size as those
whose subscript is a number. Thus the job of solving all the subsystems (7)
is well-balanced among all the processors. Note also that no interprocessor
communication occurs at this step.

AiYi =C;

Cr

Cp

Yr
Y1
Y3
NE
¥y
Yo
yiu
Y13

Once we have obtained yg, we next find yg by solving

Byp =cp — Lyr = ¢},

which we write

12
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Again, solving any subsystem
Aiyi =¢; (9)

is an independent task and these tasks are distributed evenly among all the
processors. However, we require some interprocessor communication for the
computation of Lyg. To illustrate this, let us focus on the portion of work
done in (8) by processor Py:

T _ _ -~ = ys
Ay Y4 Cy4 Cs By B
- I e N I Ys
Ag Ye Ce Cs Bg .
yr7

The computation of ¥, is easily accomplished since all relevant blocks (Ay, €4,
C3, By, y3, and y5 ) reside on processor Ps. However, before computing s,
processor P, must receive y; from processor Ps. Likewise, processor P, must

13



send y3 to processor ]31. So, as part of the (Jy = ¢ operation, each processor
must both send and receive a portion of a vector. Note that this interprocessor
communication occurs only between nearest neighbors in the ring architecture.

In addition, since the matrices A; in the subsystems (7) and (9) are block
tridiagonal, efficient code may be written for the solution of each. For i = F
or L, the blocks are 2 x 2 matrices. For ¢ = 0,1,2,...,m, — 2, the blocks are
4 X 4 matrices.

5.3.3  Matriz-vector multiplication

During the iteration process in the Bi-CGSTAB algorithm, we note that every
step of the form

Qy =c

is immediately followed by a matrix-vector multiplication step of the form

v=DMy.

Because of the manner in which () was selected, we see that we do not have
to perform the complete matrix-vector multiplication v = My:

RU] [yr
L\IB| |ys

v=DMy=

R‘ YR ‘U YR
1

YB

Uys

cg+Uysp

Cp
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Thus, with our choice of (), the matrix-vector multiplication steps in the Bi-
CGSTAB/RBGS algorithm are performed relatively inexpensively. To be pre-
cise, instead of performing the four multiplications Ryg, Uyg, Lyg, and Bypg
and the two additions Ryg+ Uyp and Lyg + Bypg, we need perform only one
multiplication (Uyg) and one addition (cg + Uyp).

Note, however, that the multiplication of U and yp requires interprocessor
communication. To see this, let qr be the product Uyg. We write

dr =Uys
as
ar By T
. Ao Yo
ai Co By .
P Y2
ds Cy Bs ~
o Y4
qs Cy Bs -
. Yo
qr | — Cs Br .
) . ys
do Cs By .
5 .. Yio
du Cio Bui 5
. v v Yi2
i3 C12 Bis N
R v Y4
| Az | L Cr 1 .

Again, let us focus on the portion of this task done by processor P,, which, at
the conclusion of this operation, needs to know the values of q3 and qs:

) o $2
s Csy Bs B
- - Y4
qs | = Cy Bs _
) . Ye
qr Cs By .
_y8_

First, processor P, performs the multiplication Cysys and sends the result to
processor Py, where Cg¥s is used in the computation of ¢7. Then processor
P, determines q5; = C4y4 + Bsys, the computation of which requires no
interprocessor communication, since all relevant blocks reside on processor
P;. Finally, to compute g3, processor P, performs the multiplication Bs;y4 and
adds it to the result of the multiplication 6*292, which it receives from processor
P1. So we see that for the operation of the matrix-vector multiplication, each
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processor must both send and receive a portion of a vector and that this
interprocessor communication occurs only between nearest neighbors in the
ring architecture.

5.4 Implementation on the Cray T3E

We implemented Bi-CGSTAB/RBGS on a Cray T3E, a supercomputer that
can take advantage of the parallelism inherent in the method. The T3E has
address space for 2048 processors configured on a three-dimensional torus
architecture. Further details concerning the technical specifications of the T3E
may be found in [25].

We illustrate below that we obtain reasonably good speedups for sufficiently
large problem size. We note that the times reported below include only the
“main loop” portion of the Bi-CGSTAB/RBGS algorithm which is, of course,
where the bulk of the computations occur.

Let Ts = serial run time = time required to solve a problem using a single
processor. Specifically, the algorithm used here is the one-processor version
of the algorithm described above, the code for which does not include any
features specific to the T3E or Cray computers in general. In addition, as
discussed in Section 1, this is the fastest most general serial method known.
Let T» = parallel run time = time required to solve a problem using parallel
processing. Speedup is defined as

S = speedup = —.

Ideally, one would like S = p, a phenomenon known as linear speedup. How-
ever, in practice, one observes only sub-linear speedup due to parallel overhead
(i.e., manifestations of parallel algorithms that are absent in serial algorithms),
the main sources of which are [14]:

e interprocessor communication,
e load imbalance, and
e extra computation.

We saw in our discussion above that interprocessor communication occurs in
three separate operations of the Bi-CGSTAB/RBGS iteration: solving linear
systems of the form )y = c, matrix-vector multiplication, and in the reduc-
tion portion of vector inner product computation. Fortuitously, the interpro-
cessor communication is the only significant source contributing to sub-linear
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speedup. The load is balanced as well as possible (i.e., processors do not sit idle
waiting for messages from other processors before they can resume perform-
ing useful computations) and although extra computation does occur, these
redundancies always occur stmultaneously across all the processors.

When testing our code on the Cray T3E, we selected a particular PDE with
Dirichlet boundary conditions and allowed the number of finite elements in
the z-direction (m,) and the number of finite elements in the y-direction (m,)
to (independently) assume the values 16, 32, 64, and 128. We ran the code
using p =1, 2, 4, 8, 16, and 32 processors. For each parameter set {m,, m,, p},
we ran the code five times and then took the mean of these five times as the
representative time used to compile the results given in Table 1.

Table 1
Speedup results

my; my| p=1 p=2 p=4 p=8 p=16 p=32

16 16 | 1.0000 1.2106 1.3818

16 32| 1.0000 1.3881 1.8314 2.1219

16 64 | 1.0000 1.6372 2.2701 3.1482  3.7461

16 128 | 1.0000 1.7782 2.8277 4.3781  5.5691  6.4388

32 16 | 1.0000 1.4578 1.8974

32 32| 1.0000 1.5980 2.3621 3.0986

32 64 | 1.0000 1.6408 2.7593 4.4253  5.5811

32 128 | 1.0000 1.8731 3.3643 5.6086  8.4241 11.3382

64 16 | 1.0000 1.5828 2.3070

64 32| 1.0000 1.7641 2.9244 4.2942

64 64 | 1.0000 1.8707 3.4074 5.6325  8.2351

64 128 | 1.0000 1.9059 3.3788 6.5883 10.1703 16.1655

128 16 | 1.0000 1.7507 2.8698

128 32 | 1.0000 1.8780 3.4103 5.6460

128 64 | 1.0000 1.9383 3.6523 6.6972 11.1015

128 128 | 1.0000 1.9717 3.8835 7.3626 12.8075 22.0124

As can be seen in Table 1, we achieve only modest speedup for relatively small
problem sizes. We achieve the best results for the largest problem, i.e., when
mg = m, = 128, which corresponds to solving a linear system of 65536 equa-
tions in 65536 unknowns. For this example, i.e., when m, = m, = 128, we
depict the results graphically in Figure 3, where we see that our speedup curve
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stays remarkably close to the ideal linear speedup curve for values of p up to 8.
For larger values of p, the speedup curve flattens out somewhat. This can be
explained by the fact that in our implementation, the ring structure of the pro-
cessors as described above need not have explicitly occurred on the T3E. That
is, there was no guarantee that direct connections existed between processors
that needed to communicate with each other. Therefore, communication may
have been “bottlenecked” by one processor performing computations while
another processor was waiting for the first to pass it a message. Or even more
simply, messages may have passed through intermediary processors on their
way to their final destination. Another possible explanation for the flattening
of the speedup curve is that the amount of work each processor does relative
to communication cost decreases as the number of processors increases.

351

30

251

20

speedup

151

101

ok | | | | | | )
0 5 10 15 20 25 30 35

number of processors

Fig. 3. Speedup curve for m, = m, = 128. The upper curve represents the unattain-
able ideal of linear speedup.

6 Summary

Given the Hermite collocation discretization of a PDE in two spatial dimen-
sions, we utilize a Red-Black numbering scheme and corresponding precondi-
tioning matrix. These permit the corresponding matrix equation to be rapidly
solved in a parallel processing mode by the Bi-CGSTAB method. For suffi-
ciently large problems, we achieve almost linear speedup if the number of pro-
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cessors is 8 or less. When a greater number of processors is used, the speedup
curve flattens out somewhat. We believe that this could be ameliorated by
ensuring that the ring architecture favored by our method be embedded upon
the architecture of the parallel processing computer being used.
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