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ABSTRACT. We study the Hermite collocation solution of the one-dimensional
steady-state convection-diffusion equation with Dirichlet boundary condi-
tions. The diffusion coefficient is constant while the convection coefficient

is piecewise constant. A uniform mesh is imposed on each portion of the
domain on which the convection coefficient is constant, but each portion
may have a different uniform mesh. Formulas are derived for the exact
solution of the matrix equation that arises from the collocation discretiza-
tion. These formulas possess free “upstreaming/downstreaming” param-
eters, the values of which may be chosen to yield numerical solutions of
great accuracy.

1. INTRODUCTION

It is well known that the numerical solution of convection-diffusion differen-
tial equations (DEs) is a difficult task when convection is the dominant process.
Numerical techniques (such as finite differences) often give rise to spurious os-
cillations that are not present in the exact (i.e., not numerical /discrete) solution
of the DE. To ameliorate these physically unmeaningful (and therefore undesir-
able) oscillations, the technique of upstream weighting is often used (Allen [1],
Morton [6], Pinder and Shapiro[7], Shapiro and Pinder [10]). While upstream-
ing can eliminate the oscillations, it is often at the expense of “smearing” the
sharp solution profile of the continuous solution of the DE.

In this paper, we study the Hermite collocation solution of the convection-
diffusion equation

(1) —D— +v—=0
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defined on the interval (0,1) with given Dirichlet boundary conditions

u(0) = ur,
2 u(1) = up.
The coefficients v and D in (1) are both positive; D is constant and v is
piecewise constant. Upon the interval [0, 1] an inétial uniform mesh is imposed:

(3) 0=Xo,X1,X5,..., X, =1,

where, for j =1,2,...,p, we have X; — X; 1 = Az. We require that v may
change value only at the points X, Xs,...,X,_1, and thus write

V1, if Xo<z< Xy

ve, X3 <z<Xs
(4) v= :

vp, if X, 1 <z <X,

To each subinterval [X;_;, X;], j =1,2,...,p, an “upstreaming / downstream-
ing” parameter (; is assigned. Each of the p subintervals [X; 1, X;], j =
1,2,...,p, is refined uniformly via X; 1 = j0,%j1,%j2,---,Tjm; = Xj,
where, for k = 1,2,...,m;, we have x;; — z;r—1 = h;. For each subinter-
val [X;_1,X;], 5 = 1,2,...,p, of the original (i.e., unrefined) mesh, we define
a Péclet number 3;

vjih;

ﬂjZTa

which clearly must be positive. The result of the refinement procedure is the
establishment of a mesh of M + 1 nodes upon the interval [0, 1], where M =

JI‘):l m;j.

In previous papers (Brill [2], Brill [3]), we have studied this same problem
in a less complicated context: namely v being constant and without refined
subintervals [X;_1,X;], j = 1,2,...,p. Results from these papers will be cited
below, as appropriate.

This paper is organized as follows. We first describe the Hermite collocation
discretization of the DE (1), both with and without upstream/downstream
weighting. We then derive the analytical solution of the matrix equation
that arises from the discretization with upstreaming/downstreaming employed.
Subsequently, we compare the discrete collocation solution to the continu-
ous solution. In particular, we will discuss a strategy and algorithm to se-
lect the upstream/downstream parameters (; and refinement parameters m;,
j=1,2,...,p, in such a way as to avoid spurious oscillations and obtain excel-
lent agreement between the continuous and discrete solutions. We then provide
several computational examples which illustrate the theory and efficacy of our
algorithm. A short section summarizing our results concludes the paper.



2. HERMITE COLLOCATION

The differential equation (1) is defined on the interval (0,1) with boundary
conditions (2) included. We partition the interval [0, 1] into M subintervals as
described above. Let us use the notation 0 = zg, 1,22,...,2y = 1, to indicate
the M + 1 nodes of our mesh. (Note that the set of nodes z;; and the set of
nodes zy, are identical, but indexed differently.)

The discretization proceeds by introducing a piecewise cubic Hermite inter-
polating polynomial

(5) Z [ur fi. (z) + upg (2)]
into the DE (1), obtaining
&u  du

where E(z) is an error function.
The Hermite basis functions, defined for n € [—%

, 1], are
TA+29)°A—-n), w1 <z=ak+ (n—3) (&r —zr-1) < zk
(1) fr(x)

1

30

) n—-

51=20)°(+n), er<c=xzx+(n+3 )($k+1—$k)SiEk+1
0, otherwise

and

k=l o+ 1)? (20— 1), @i <e=akt (n-}) (@r — 2k1) < 3
(&) gk (=) TeAlT (op— 1) (204 1), ax <z =2k + 0+ L) (@41 — k) < Tr1
0, otherwise.

Note that u in (5) interpolates the values u; = u(z;) and u}; = 9u(z;), j =

0,1,..., M, because fy (z;) = 0k, % (z;) = 0, gi (z;) = 0, and %= (z;) = 64
Here 4;; is the Kronecker symbol. Note also that @ is in C* [0, 1], ie., ‘;—; is
continuous on [0, 1].

It is clear that (6) has 2(M + 1) coefficients, namely u; and u}, for k =
0,1,2,...M. However, the imposition of boundary conditions reduces this
number to 2M. To generate the 2M equations necessary to find these undeter-
mined coefficients, the traditional choice (known as “orthogonal collocation”) is
to enforce that the error function E(z) in (6) be identically zero at two distinct
“collocation points” in the interior of each of the M subintervals.

Given certain smoothness conditions, the optimal (in terms of minimizing
local discretization error) location of the collocation points within each subin-
terval corresponds to the points of Gaussian quadrature (DeBoor [5], Prenter
[8]), which in turn corresponds to choosing the collocation points as

1
9 =+—
9) n=*
(see (7) and (8)) in each subinterval [—1, 1] (given in local 5 coordinates). In
our work, this choice will correspond to an absence of upstream/downstream



weighting. However, large Péclet numbers violate the smoothness conditions
stipulated in DeBoor [5] and Prenter [8]; thus the Gaussian points are not,
in general, optimal for our DE. In fact, use of the Gaussian points (i.e. no
upstream/downstream weighting) is optimal (Brill [3]) only for a very small
range of values of .

Upstream/downstream weighting is implemented in the following manner,
which was introduced by Allen [1]. As we mentioned above, we have 2M equa-
tions in 2M unknowns, where the 2M equations are traditionally generated by
forcing E(z) = 0 in (6) at two collocation points in each of the M subintervals
[Zk—1,2k), £ =1,2,..., M. When implementing upstreaming/downstreaming,
we still enforce E(z) = 0 for each of our 2M equations and we still evaluate
d*a 1

%=z in (6) at the Gaussian points n = + TR However, we evaluate Z—g at the

points

1

where (; controls the amount of upstreaming/downstreaming that occurs in
the subinterval [X;_1, X;]. Note that regardless of whether (9) or (10) is con-
sidered, the the collocation points defined by (9) and (10) lie in this subinterval
[X;-1,X;]. Note also that (; > 0 corresponds to upstreaming in [X;_;, X;]
while (; < 0 corresponds to downstreaming in [X;_ 1, X;]. (In the rest of this
work, we will permit the phrases “upstream” and “upstreaming” to not exclude
the possibility that it is actually downstreaming that is occurring.) Because
the support of each basis function fi or g (see (7) and (8)) is the interval

[—1,1], it is clear that each (; must satisfy

(11) _Cmax < C] < Cmax;

where (max = § — \/%
It is straightforward to see that choosing the collocation points in this man-

ner leads to a matrix equation with the repeated computational molecule

qk

(12 S B Y
) M M mf || e | T Lo ]
Tk+1

k=0,1,2,...,M — 1. Here gy = uy and 7, = u}, k = 0,1,2,..., M. Note
that the matrix equation represented by (12) is a system of 2M equations in



2(M + 1) unknowns. The entries of the matrix are

; 2\/§D v;
M) = W T (GC2 +2v3(; -
J

)
Mé{)z—Q‘gD 7 (66 - 2v3g -1)

Ml@_h (1+V3) +v; <f+c]+\/—(]+3§2

MD = #(1 —V3) +v; (—? + G — V3G +3€J>

M(J) h (—1+v3) +v; (_i_CJ+\/_CJ+3CJ
J

; D 3

M) = =5 (L V3) +v; (% — ¢ = V3¢ +3C12> ;
j

which reduce to those given in Brill [2] for the case of { = 0. The relationship

between j and k in (12) is that the nodes zj and zx4+1 both lie in the subinterval

[Xj-1, X

3. ANALYTICAL SOLUTION OF UPSTREAM HERMITE COLLOCATION

We start with the matrix equation (12), wherein which we assume (as stated
in the previous sentence) that the nodes x; and 1 both lie in the subinterval
[Xj,l, Xj]. We thus make the identification zx = z;; and Tp4+1 = ;41 where
i€{0,1,...,m; —1}.

We now manipulate (12), replacing its two equations with linear combina-
tions of them (details are in Brill [3]) to arrive at

4j,i
(num) __y(den) o
(13) 0 N N ] T =[0],
—Aj Cj + Bj Aj Cj — Bj qj,i+1 0
Tji+1
where 8
Aj =7 (1-6G),
j
Bj =1+ 535G,
Cj = 3p;¢;,

and Agnum) and /\gden) are, respectively, the numerator and denominator of

B + 68 + 124 60;¢; (4 + B; + B;(;)
B3 — 685 + 12+ 603;¢;(4 — B + Bi¢;)

(14) A =



From the first equation in (13) it is easy to see that

(15) \j = M’
Tji

which leads to

(16) T’j’i = /\3-7"7',0.

Now we manipulate the second equation in (13), utilize (15) and (16), and
arrive at

(17) Gt = Qi — oGNS,
where
C. + B, C. — B\
(18) a; = ( J + J) 4:4( J J) J Tj,0-
j

From (17) and the formula for the sum of a finite geometric series we obtain

PV
(19) dj,i = 45,0 — ajl——)\"

j
which, combined with (18) and letting ¢ = m;, leads to

Tmy \im; — 45,0 .
1— X (@ ! )(Cj+Bj)+(Cj—Bj),\j

(20) Tjo =

Algebraic manipulation of (20) leads to

4j,m; — 45,0
Ti0 =Pj —m; 5
)\j -1
where
28, 1 s
(21) e 18.7 + IBJCJ

pj=— — }
7 hy BIG+4B¢ +2
Thus, invoking (16), we obtain

A
— 9 (0: . J
(22) Tji = Pj (qy,mj anO) )\;nj 1
which gives the value for each r;;, i =0,1,2,...,m;, in terms of g; o and g; m;,
the values of the interpolating polynomial (5) at the endpoints of the interval
[Xj—1, X;].
Finally, introducing (20) into (18) and substituting the result into (19) yields
Ai—1
(23) G.i = 40 + (@m; — i) N1
T
which, much like (22), gives the value for each ¢;;, i =0,1,2,...,m;, in terms

of g;,0 and gj,m, , the values of the interpolating polynomial (5) at the endpoints
of the interval [,ij,]_7 X]] .



To determine the endpoint values, we begin by recalling that the derivative
of (5) is continuous. Thus 7 ,; = 7j41,0, j = 1,2,...,p — 1. Furthermore, (5)
itself is continuous, i.e.,

(24) Q1 =qim =9,0,Q2=q2m; =¢3,05--+,Qp-1 = Gp—1,mp_1 = Gp,0;

Invoking (22), we arrive at the tridiagonal matrix equation
(25)

1 Qo ur
—ci f+0b; —b3 Q1 0
5 Ggtb b Q2 0
—Cpq Cp_1 +b, —by Qp—1 0

L 1 1L Qp | L UR |

from which the values Q1,Qo2,...,Qp—1 are easily determined. In (25), the
coeflicients are given by

s
. _ PiN
(26) =3 _q
J
i=12,...,p—1,and
(27) bj = ~m

J

j=2,3,...,p.
We compile the results derived above in the following theorem:

Theorem 1. The solution of (12) and (13), both of which represent the
matrix equation arising from the upstream collocation discretization of (1) with
Dirichlet boundary conditions (2), is given by (22) and (23), where the values
(24) are obtained by solving the tridiagonal matrix equation (25).

It is instructive at this point to examine the exact solution of (1) with
boundary conditions (2). It is easy to show on each subinterval [X;_1,X;],
j=1,2,...,p, that this solution is

(28) () = uj (X;) [exp (%z) — exp (%Xj_l)] —uj (X;-1) [exp (%z) — exp (%XJ)]

’ exp(%Xj) — exp (%Xj_l)

Note that the solution (28) is not unique, as we have not yet defined values
for u;(X;-1), § = 2,3,...,p, and u;(X;), j = 1,2,...,p — 1. Now recall
that the collocation solution % in (5) has a continuous derivative and is thus
continuous itself. We are therefore motivated to enforce u;(X;) = u;y1(Xj;),



j=1,2,...,p—1, to ensure the continuity of the exact solution

ul(x), if XO S.’L’SX1
ux(z), if Xy <z <X
(29) u(z) = :

up(z), i X, 1 <z<X,.
To uniquely determine the values

Ur = uy (X1) = up (X1),Us = up (X3) = ug (Xa),
ceey Upfl = Up—-1 (prl) = Up (prl) y

we enforce the continuity of the derivative of (29) at X1, Xs,...,Xp_1. (Note
that this permits jump discontinuities in 3272 and thus the DE (1) achieves bal-
ance in the discontinuities of its terms.) After several algebraic machinations,
we arrive at the tridiagonal matrix equation

(30)
[ 1 11 Ue 7 [ ur ]
-1 €1+ b2 —b2 U1 0
—ca  c2+by b3 Us 0
—Cp—-1 Cp-1 + bp —bp Up_l 0
| 1 1L Up | L UR |

from which the values Uy,Us,...,U, 1 are easily determined. In (30), the
coefficients are given by

7 exp(Bm;)

(81) = exp(Bmy) — 1

7j=12,...,p—1,and

Bi

h;
32 b= —
(32) 7 exp(Bymy) — 1
i=2,3,....p.

It is clear that the structure of the matrices in (25) and (30) is identical.
If we compare the corresponding matrix entries, i.e. (26) to (31) and (27) to
(32), we note that the role of exp §; in the exact solution (i.e., in (31) and (32))
is assumed by A; in the collocation solution (i.e., in (26) and (27)). Similarly,

the role of i—f = % in the exact solution is assumed by p; in the collocation

J
solution. In fact, if ¢; in (21) is zero (i.e. no upstreaming in [X,;_1, X;]), then
/2_; = 2 = p;. Furthermore, also if {; = 0, we know (Brill [2]) that the Taylor
series expansions of A\; and exp §; about 3; = 0 agree in their first five terms.



4. SELECTION OF THE UPSTREAM PARAMETERS AND GRID SIZE

In this section we describe an algorithm for selecting the values of the up-
streaming parameters (;, j = 1,2,...,p, that provides, in all test cases dis-
cussed in Section 5, extremely accurate collocation solutions of (1)(2).

We first describe the permissible range of values of (;, given §;. (This was
done by Brill [3] for the case of upstreaming (i.e., (; > 0) only. In this paper we
permit downstreaming (i.e., {; < 0) as well.) Let us begin by recalling that by
the geometry of upstream collocation, we have (11). A glance at the derivative
of (28),

! exp(X;) — exp(FX;-1)
reveals that (33) does not change sign as x varies; thus (28) is monotone. To
ensure that the corresponding collocation solution also maintains monotonicity
on each subinterval [X;_1,X;], j = 1,2,...,p, for which it is defined, we require
(see (23)) that A; > 0, j = 1,2,...,p. Observing (14), we see that A; can
change sign only across curves in the §;-(; plane where either the numerator
or denominator of A; vanishes.

The numerator of A\; vanishes on the curves

2 1 1
+ 2
CJ B, 2768V Bi+ 36

which can be shown to never intersect the region of interest, namely (11) com-
bined with §; > 0. On the other hand, the denominator of A; vanishes on the
curves

(34) gjﬁ:—%+%iﬁiﬂ_,/72—3eﬂj+3ﬂg.

J
These latter curves do intersect the region of interest; this situation is depicted
in Figure 1, where the horizontal lines are the graphs of (; = +(max. The other
curves in Figure 1 correspond to where the denominator of A; is zero. To avoid
negative values of A;, we must stay below the curves (; = (max and ¢; in (34)
and stay above the curves {; = —(max and C;r in (34). Since, while in the region
of interest, the individual curves of (34) stay very close to the nearby limiting
lines {; = £(max, it is clear that enforcing the monotonicity of the upstream
collocation solution is rather unrestrictive.

As we saw in Section 3, the collocation and exact solutions are functions of
the solutions of the tridiagonal matrix equations (25) and (30), respectively. So
a reasonable strategy is to enforce that these two tridiagonal matrices are equal.
However, it is more convenient to pursue the following equivalent formulation.
We scale all but the first and last rows in each of (25) and (30), then set the
scaled versions of (25) and (30) equal to each other, obtaining

—c* c* —C; C;
35 * : *Z +1 -1 = +1 -1
(39) bi+1 bi+1 ] [ bit1 bit1



A =0: ¢

-0.05
-0.1F

-0.15F

)\j(den):O: (j* 7 =-1
_02,

-0.25 /\ ! ! ! ! !
0

FI1GURE 1. Limiting the region of interest to enforce mono-
tonicity. To obtain a monotonic collocation solution, the or-
dered pair (3;,(;) must lie below the curves at the top of this
figure and above the curves at the bottom of this figure.

i=1,2,...,p— 1. Our requirement is therefore that
(36) ¢ _ G
bii  bip
i=1,2,...,p—1. Notice that with an obvious bit of algebra we may transform

(36) into a polynomial equation in the variables (; and (; 11, where the degrees
of (; and (;41 are determined respectively by m; and m;+1. So we see that
the system (36), i = 1,2,...,p — 1, is underdetermined and consists of p — 1
equations in the 2p (as yet) undetermined coefficients ; and m;,i =1,2,...,p.

We now describe an algorithm that solves (nonuniquely) the underdeter-
mined system mentioned immediately above. To begin, we note that experi-
mentation reveals that when the the values v, j = 1,2, ..., p, in (4) vary widely
(as they do in our numerical experiments of Section 5) the exact solution u(x)
(see (29)) appears to be almost linear on all of its p “pieces” except for a single
piece on which u(z) exhibits considerable turning (i.e., changes in curvature).

30



With one exception (Example 8 in Section 5), this is the piece on which v is
greatest. Thus we want the mesh to be sufficiently refined on this piece to
resolve this turning. We achieve this goal in the following manner.

Let k be the index for which u;(z), j = 1,2,...,p, (see (29)) has the greatest
curvature. This is easily determined once we have solved the tridiagonal matrix
equation (30). The curvature k at a point on the curve u = u(x) is defined as
(Stewart [9])

d’y

dz2

(37) K= 373

[1+(%)°]
where (37) is evaluated at the point in question. On each of the p “pieces”
[Xj—1,X;] of the solution, (37) is a continuous function defined on a closed
interval and thus achieves a maximum somewhere in that interval. This location
is at one of the two endpoints of that interval, or at an interior point whose
coordinate is easily seen to be

D e (S o (30) - (5]
(38) o log (ﬁvj|Uj T [exp (DXJ exp DXJ_I i
(Of course, there is no guarantee that (38) actually lies in [X; 1, X;]). Since we
have finitely many (p) such intervals, (37) attains a global maximum somewhere
in the interval [0, 1] and therefore on some particular “piece” [Xjp—_1,Xs]. (In
the case where two or more pieces attain the same maximum curvature, we
choose the piece with the largest index to define k.)

On this kth piece, we select my to be the smallest positive integer that is
sufficiently large (this forces hj and thus §j to be sufficiently small) so that
there exists (; in the region of monotonicity depicted in Figure 1 such that

(39) A = €P*
(see discussion at the end of Section 3). Note that enforcing (39) and (36) for
i=1,2,...,p—1, results in the collocation solution agreeing exactly with the

exact solution at all nodes in the refined kth piece. That we can find such a (j
is evident if we solve (39) for (i, obtaining

12 —12¢P + 3 38,ePr +
(40) ¢k = ¢ 6;k(fgk+_ f)’“e ve

where
Q = 72e*Pk — 144ePr — 3641,e*PF 4 T2 + 360, + 367 + 3087ePr + 382ePx.

We now graph ¢ in (40) (i.e., a curve on which Ay = exp B) in Figure 2,
where the curves from Figure 1 are included. This C,:“ curve begins at By =0
and ends at

Br = Beris & 2.862473215,



A =0: ¢

0.05f
-0.05} A =exp B
—01f

-0.15F

e =0 ¢

=+

-0.25 I I I I I
0 20 25

FIGURE 2. The region of monotonicity and a curve on which
)\j = eﬁf

because () changes from positive to negative as fj, increases through this value.
And clearly this curve lies in the desired region of monotonicity. Thus, if
0 < Br < Berit, we can find ¢, = ¢} so that the ordered pair (B, () lies in the
region of monotonicity and such that this ordered pair provides (39). Thus we
choose my, such that

U

(4D e ’VPD/Bcrit-‘ .
This choice defines a value for h; and thus for 85 such that 0 < B < Berit-
And using this resulting value of S in (40) gives a value of ;" that satisfies
our specified criteria. Furthermore, it should be noted that any value of my
greater than (41) will also produce a suitable (;". Thus the value (41) should
be considered to be an initial value for mj and not necessarily its value at the
conclusion of our algorithm.

We presently have values for my and ¢ and now setting m; = 1 for all
j = 1,2,...,p different from k provides that the system represented by (36)

30



is now a system of p — 1 equations in p — 1 unknowns. (Note that this choice
m; = 1 means that there are precisely two mesh points (namely X;_; and Xj;)
for each subinterval [X;_1, X;], a choice which is consistent with the almost
linear nature of the exact solution away from the piece of maximum curvature.).
Furthermore, since the (’s that appear in (36) (with index %) are ¢; and (;y1,
our system may be solved sequentially in a straightforward manner, much in
the way one solves triangular matrix equations by using “back substitution”
or “forward substitution”. Unless kK = 1 or p, both forward and back substitu-
tion will be necessary. Recall that each equation in (36) may be viewed as a
polynomial equation with real coefficients; thus each of the p — 1 equations is
easily solved numerically over the field of real numbers via Newton’s method.
(If convergence of Newton’s method is not reached in 50 iterations, then the
final estimate of the solution is taken as the solution. Since this final estimate
(in the absence of convergence) is typically quite large, this value for the up-
streaming parameter will fall outside of the region of monotonicity, and thus
this solution is rejected, as described immediately below.) For each of the p—1
equations, we seek the solution ¢; of minimum absolute value so as to maximize
the likelihood that the corresponding ordered pair (5;,¢;) lies in the region of
monotonicity. If we complete the forward/back substitution process with each

ordered pair (84,(;), j = 1,2,...,p, in the region of monotonicity, then we
are done, as we have found values (; and m;, j = 1,2,...,p, that satisfy (36),
i=1,2,...,p—1. If not, we refine our mesh and restart the algorithm with the

newly refined mesh. The description of this refinement immediately follows.

When the present values of m;, j = 1,2,...,p, do not yield satisfactory
values for (;, j = 1,2,...,p, we refine the mesh (i.e., increase some of the
values mj, j =1,2,...,p, as described below), in the hope that the algorithm
described above, when applied to the refined mesh, will decrease the values
of |¢;], j = 1,2,...,p, so that they will all lie in the region of monotonicity.
We hope that increasing only one of the values of m;, j = 1,2,...,p, will
lead to improvement in the values of (;, j = 1,2,...,p, where improvement
means a decrease in the absolute value of the (;’s that fall outside the region
of monotonicity. For i,j = 1,2,...,p, we define

mtemp:{mj+ﬂa lfl:J

i mj,  ifi#].

temp
3 3 ZJ

algorithm described above to find C](.’). Here CJ(-') means the value of ¢; with the

Then, for each i = 1,2,...,p, we use the values m , 7 =1,2,...,p, in the

proposed values of mzjmp, j=1,2,...,p, for each m;, i =1,2,...,p. (Initially
u=1.) We then compute, for each i = 1,2,...,p, the quantities

(42) w; = max |C(-i)|



and
p

(43) W = mi{l w;.
1=
If W is sufficiently smaller than
p
(44) max ||
temp

then we change the value of m; to m;; = and the values of (; to CJ(.’), j =
1,2,...,p, where 7 is the index in the “minimax” operation (42)(43) which
produced W. In other words, refining the subinterval [X;_1, X;] by increasing
m; by p led to a significant decrease in (44).

Now, what constitutes W being “sufficiently smaller” than (44), as men-
tioned in the previous paragraph? Let ¢ assume the initial value 0.1. Then
“sufficiently smaller” means

‘W — max|(|
Jj=1

(45) <.

max ||
j=1
If W fails to satisfy (45), then ¢ is multiplied by 0.1 and p is incremented by
unity and we find a new W. When a suitable W is found (i.e., one that satisfies
(45)), then ¢ and p return to their original values.

The only exception to this algorithm is when we encounter the circumstance
that W and Z have opposite signs and Z is outside the region of monotonicity

(here Z is the ¢ that produces I?Ellx |¢;])- Let £ be the index that produces this

maximum. In this case, (;, was above (respectively, below) the region of mono-
tonicity at one iteration of trying to find a suitable W but below (respectively,
above) it at the following iteration. Thus the mesh is too coarse to obtain a
suitable W. To handle this, we increment each m;, = 1,2,...,p, by 1, reset
¢ and p to their original values, and begin the algorithm anew.

The philosophy behind the algorithm lies in the observations made at the
end of Section 3, namely that we obtain approximate equality of (26) and (31)
and of (27) and (32) by enforcing §; ~ 0 and (; ~ 0. Each time the algorithm
fails to find a complete set of suitable (;’s, j = 1,2,...,p, the mesh is refined,
decreasing at least one of the h;’s which provides a corresponding decrease in
B;. This in turn drives the (;’s to decrease in absolute value, since they must
satisfy the system given by (36).

5. COMPUTATIONAL EXAMPLES

In this section, we provide and discuss computational examples that illus-
trate the theory and algorithm described above. In all cases, the boundary
conditions (2) are

u(0) =1
u(1) =0.



and the domain [0,1] is initially subdivided into p = 4 pieces. The diffusion
coeflicient D assumes two different values: 5 on some examples and 1 on others.
The convection coeflicients vj, j = 1,2,...,p, take on the values from the set
{0.1,1,10,100}. Specifically, we will report on twelve examples, where the
values of the v;’s are given in Table 1 for D = 5 and in Table 2 for D = 1. Note
that the examples numbered 1-6 are almost identical to those numbered 7-12,
with the only difference being the value of the coefficient D. Note also that in
each example, the v;’s vary over four orders of magnitude. For each vj, the
corresponding values m; and (;, as determined by our algorithm, are reported.
The penultimate column of the tables, labeled “max error” is computed by

M
(46) f?:aox |u(z;) — qi-

Finally, in the last column, we give an other version of “max error,” this
one using central finite differences instead of collocation, as the method of dis-
cretization. As in the collocation results, we force the finite difference approxi-
mation to provide perfect agreement with the exact solution at the breakpoints
(3). The finite difference approximations for the derivatives in (1) are

du —hE - hit — bt hE
(47) ﬁ(w])z Bf‘z]}ju(wj_hf)_'_%uwj)—%ﬁf—]z}j

U (wj + l_zR)
hfhf J
and
d*u 2 -1 2 2 — R
(48) P (z;) ~ BJL—E,U (zj —hy) - WU (zj) + ﬁ“ (z; + hj?)

where hf = x; — zj_1, hff = x;41 — z;, and B; = h" + h®. The expressions
(47) and (48) minimize local discretization error for 3-point approximations
on our non-uniform mesh and reduce to familiar approximations for uniform
meshes found, for example, in Burden and Faires [4]. When we compare the last
two columns of Tables 1 and 2, we see that implementing collocation with the
optimal upstreaming parameters obtained by utilizing our algorithm provides
much better accuracy than using finite differences, often by many orders of
magnitude.

In each of the figures, three different solutions are given. One is the exact
solution; another is the solution based on the algorithm as described in Section
4 (given in the legends as the “optimal” solution); the last is the solution
obtained if we utilize the algorithm only to the point where we compute (41)
and its corresponding upstream parameter (i, with all other (;’s being zero
(given in the legends as the “original” solution). In all examples we note that
the exact solution exhibits significant changes in curvature in one subinterval
[X;-1,Xj]; on the remaining regions we see that the exact solution is almost
linear.

Because the exact solution is almost linear on all but one of its pieces and
because the “original” solution has sufficient refinement to obtain (39), it is
natural to wonder whether the complete algorithm is necessary (i.e., is the



TABLE 1. Values of parameters in the computational exam-

ples. D=5
Example Figure fin. diff.
number number D j vj mj B ¢ max error max error
1 3 5 1 100.0 41 1.2195e-01  -2.5212e-06  2.9961e-08  2.0472e-05
2 0.1 8 6.2500e-04 1.9665e-01
3 10.0 8  6.2500e-02 -1.9732e-05
4 1.0 8 6.2500e-03 1.8982e-03
2 4 5 1 0.1 1 5.0000e-03 -2.0970e-01 1.3877e-12  7.8680e-05
2 100.0 24 2.0833e-01 -1.2591e-05
3 10.0 1 5.0000e-01 -8.0852e-04
4 1.0 1 5.0000e-02 1.2876e-01
3 5 5 1 10.0 1 5.0000e-01 6.1490e-04 3.5194e-14 2.0327e-04
2 0.1 1 5.0000e-03 -2.0970e-01
3 100.0 24 2.0833e-01 -1.2591e-05
4 1.0 1 5.0000e-02 2.0745e-03
4 6 5 1 0.1 2 2.5000e-03 -7.5084e-02 3.3602e-08 2.3747e-03
2 1.0 2 2.5000e-02 7.4337e-04
3 10.0 2 2.5000e-01  -1.0904e-04
4 100.0 17  2.9412e-01  -3.5520e-05
5 7 5 1 0.1 1 5.0000e-03 -2.0794e-01 1.3071e-09  4.1630e-04
2 100.0 43 1.1628e-01 2.8183e-06
3 0.1 1 5.0000e-03 -2.4613e-02
4 100.0 41 1.2195e-01 -2.5212e-06
6 8 5 1 100.0 9 5.5556e-01 9.0388e-06 5.7117e-08 6.7821e-05
2 0.1 9 5.5556e-04 -2.0116e-01
3 100.0 42 1.1905e-01 -2.3453e-06
4 0.1 9  5.5556e-04 2.0089e-01

TABLE 2. Values of parameters in the computational exam-

ples. D=1
Example Figure fin. diff.
number number D j vj mj Bj ¢ max €rror  Imax error
7 9 1 1 100.0 108 2.3148e-01 -1.7282e-05 5.1206e-07 1.2162e-04
2 0.1 16 1.5625e-03 2.0408e-01
3 10.0 16 1.5625e-01 -2.3114e-05
4 1.0 16 1.5625e-02 1.4705e-03
8 10 1 1 0.1 1 2.5000e-02 -2.0601e-01 1.9519e-09 2.6969e-04
2 100.0 97 2.5773e-01  -1.4422e-05
3 10.0 11 2.2727e-01 -1.6355e-05
4 1.0 1 2.5000e-01 -7.4896e-05
9 11 1 1 10.0 1 2.5000e4-00 8.5674e-03 2.1094e-15 2.2833e-04
2 0.1 1 2.5000e-02 -2.0610e-01
3 100.0 54 4.6296e-01 -1.3961e-04
4 1.0 1 2.5000e-01 1.7983e-03
10 12 1 1 0.1 1 2.5000e-02 -1.7290e-01  5.3291e-15  1.4816e-02
2 1.0 1 2.5000e-01 1.4758e-03
3 10.0 4 6.2500e-01  -5.8547e-04
4 100.0 36 6.9444e-01 -4.7904e-04
11 13 1 1 0.1 1 2.5000e-02 -2.0971e-01  6.6613e-15  9.9212¢-04
2 100.0 145 1.7241e-01 8.5101e-06
3 0.1 1 2.5000e-02 -4.6766e-03
4 100.0 139 1.7986e-01  -8.0962e-06
12 14 1 1 100.0 18 1.3889e+-00 2.6028e-06 8.5851e-07 5.9123e-05
2 0.1 18 1.3889e-03  -2.0725e-01
3 100.0 111 2.2523e-01  -1.5916e-05
4 0.1 18 1.3889¢-03 2.0571e-01

“original solution” sufficiently accurate?). A glance at Figures 6 and 10 (and,
to a lesser degree, Figure 9) reveals that the complete algorithm is required to
obtain highly accurate solutions. Here we clearly see some significant differences
between the exact solution and the “original” solution. Furthermore, if we
linearly interpolate the data points of the “original” solution, we often fail



to adequately capture the changes in curvature in the exact solution; this is
evident to some degree in Figures 3 through 12.

In contrast to the “original” solution, the “optimal” solution, as determined
by our algorithm, does an excellent job of capturing the profile of the exact
solution in all examples given. We note that the algorithm converges to a
solution regardless of where the maximum value of v or curvature k occurs.

It is interesting to note (see Tables 1 and 2) that in all examples (except
for Example 4, Figure 6), there is at least one subinterval [X;_1,X;], j =

1,2,...,p, for which the corresponding upstream parameter ¢; is quite close to
+Cmax & £0.21132. This is an artifact of our algorithm, which halts when all
¢i’s, 3 = 1,2,...,p, lie in the region of monotonicity. The last (; to achieve

this goal typically approaches +(max rather slowly (with respect to iteration of
the algorithm) and thus is rather close to +(max when the algorithm’s stopping
criteria are achieved.

We also note that Example 5 (Figure 7) and Example 11 (Figure 13) pre-
sented the greatest challenge to our algorithm. These examples are identical
except for different values of D. The v;’s in these examples change from 0.1
to 100 to 0.1 to 100. In these examples, the large changes in curvature occur
on the subinterval [0.75,1] (one of the subintervals on which v = 100) and
thus significant refinement is required to resolve this. Yet the other interval on
which v = 100, namely [0.25,0.5], is similarly refined, which is wasteful from
the point of view that [0.25, 0.5] does not require the large number of nodes that
our algorithm produces to resolve its almost linear nature. It is curious to note
that Examples 6 and 12 (Figures 8 and 14, respectively), did not suffer from
this drawback even though the change in values of v for these two examples is
very similar to that found in Examples 5 and 11.

6. SUMMARY AND CONCLUSIONS

In this work we have derived closed-form formulas for the solution of the
matrix equations arising from the Hermite collocation solution of the boundary
value problem (1), (2) with piecewise constant convection coefficient and with
upstream/downstream weighting implemented on the convective term of (1).
These formulas have a number of free parameters (the upstream/downstream
coefficients (; and refinement coefficients m; (j = 1,2,...,p)). An algorithm is
presented in which the values of these free parameters are chosen so as to obtain
extremely accurate numerical solutions that capture the significant changes in
curvature that characterize the exact solution to our boundary value problem.
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